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hjre Ics  as  a general  discipline  has  no  Ufliils*  from  the  very  huge  (pJaxy» 

whip)  to  the  very  small  (atoms  and  smaller).  This  hook  Ls  a boor  the  very 
small  side  oE  dungs  — tEmt's  the  specialty  of  quantum  physics.  When  you  quan- 
tize stnncltfcing,  you  can't  go  any  smaller;  you're  dealing  wit]]  discrete  units. 


Classical  physics  is  ter  Li  lie  at  explaining  things  like  heating  cups  of  cudJcc  Or 

accelerating  down.  rampfi  or  cars  colliding  as  well  as  a million  other  things, 
but  It  has  problems  when  things  get  very  small.  Quantum  physics  usually 
deals  iviih  the  micro  world,  such  as  what  happens  when  you  look  at  Individual 
electrons  zipping  around.  For  example,  electrons  can  exhibit  bolh  particle  and 
wave-1  Ike  properties,  much  to  the  consternation  of  experimenters  ".and  It 
took  quantum  physics  to  finite  out  the.  Tull  picture. 

Quantum  physics  also  introduced  the  uncertainty  principle,  which  says  you 
can't  know  a particle’s  exad  position  and  momentum  at  the  same  time.  And 
the  iicld  explains  the  way  that  the  energy  levels  of  I he  electrons  bound  in 

atoms  work.  Figuring  out  those  ideas  all  took  quantum  physics,  as  physicists 
probed  ever  deeper  lor  a way  to  model  reality.  Those  topics  are  all  coming 
up  in  this  book. 


Because  uncertainty  and  probability  are  so  important  in  quantum  physics, 
you  can't  fully  appreciate  the  subject  without  getting  into  calculus.  This  book 
presents  the  need-to-know  concepts,  but  you  don't  sec  much  in  the  way  of 
thought  experiments  that  deal  with  cats  or  parallel  universes.  [ focus  on  the 
math  and  I low  it  describes  the  quantum  world. 


I've  tauRht  physics  to  many  thousands  of  students  at  the  university  level, 
and  From  that  experience,  I know  most  of  them  share  one  common  trails 
Confusion  as  to  what  they  did  to  deserve  such  torture. 


QAMinttifTf  Physics  For  Dummies  largely  maps  to  a college  c-mirse,  but  this  bonk 
is  different  from  standard  texts.  Instead  ul  writing  it  Jrnm  I he  physicist  s or 


professor's  point  oi  view.  I've  tried  Lo  write  it  from  I he  reader's  point  ol  view. 
In  other  words.  IVe  designed  this  book  to  be  crammed  lull  ol  the  good  stuEE — 
and  only  Hie  good  stuff.  Not  only  that,  but  you  can  discover  ways  of  looking  at 
things  that  professors  and  teacher*  use  to  make  figuring  out  problems  simple. 


Quantum  Physics  For  Dummies 


Although  I encourage1  you  to  read  this  book  from  start  lo  finish,  you  can  also 
loaf  through  this  hookas  you  like,  readlngthe  topics  that  you  llnd  Interest’ 
Ing,  kike  other  for  flummfos  hooks,  this  one  leis  you  skip  around  as  you  Like 
as  much  as  possible.  You  don't  hove  lo  read  the  chapters  in  order  11  you 
don't  want  to.  This  is  your  book,  and  quantum  physics  is  your  oyster, 


Some  books  have  a dozen  dizzying  conventions  that  you  need  lo  know  before 
vou  can  even  start.,  Not  this  one,  Here’s  all  vou  need  lo  know; 


v*  l put  new  terms  in  italics,  like  f/rrs.  the  first  time  they’re  discussed; 

I EoElow  them  with  a definition, 

v*  Vectors  — those  items  that  have  both  a magnitude  and  a direction  — 
arc  given  ill  bold,  like  this;  12. 

v*  ft  eb  addresses  appear  in  mimof  ont. 


I don't  assume  that  you  have  any  knowledge  nf  quantum  physics  when  you 

start  to  read  this  hook.  However,  I do  make  the  following  assumptions: 


I Ip*  You’re  taking  a college  course  in  quantum  physics,  or  you're  Interested 
in  how  math  describes  motion  and  energy  on  the  atomic  and  subatomic 
scale. 

v*  You  have  some  math  prowess.  In  particular,  you  know  some  calculus. 
You  don't  need  to  be  a math  pro.  but  you  should  know  how  to  perform 
Integration  and  deal  with  differential  equations.  Ideally,  you  also  have 
some  experience  with  Hilbert  space. 

v*  Yon  have  some  physics  background  as  well.  You've  had  a year’s  worth 
of  college-level  physics  (or  understand  all  that's  in  fftysirs  For  Dummies) 
before  you  tackle  I his  one. 


Quantum  physics  — the  study  of  very  small  objects  — la  actually  a very  big 

topic.  In  handle  it,  quantum  physicists  break  I he  world,  down  into  different 
parts.  Here  are  the  various  parts  that  are  coming  op  in  this  book. 
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Fart  L is  whore  yoi]  start  your  c|L]nntL]iiL  physics  journey.,  aclcI  yon  get  n gaud 
overview  OE  Ike  topic  here.  L survey  quant  ijjil  physics  nn-cL  tc-U  you  wlint  it's 
goo d Eur  and  what  kitLcIs  Ol  problems  it  can  solve.  You  also  get  a good  fum- 
datiuu  in  the  malt  l that  voll  need  for  I tie  rest  of  the  book,  such  as  state  vec- 
tors and  quanlum  matrix  manipulations.  Knowing  this  siul’E  prepares  you  to 
handle  the  other  parts, 


Particles  can  be  trapped  inside  potentials;  Eor  instance.,  electrons  can  be 
bound  in  an  atom.  Quantum  physics  excels  nt  predkliug  the  energy  levels  ui 
particles  bound  iEi  various  potentials.  and  that's  what  Part  II  covers.  You  sou 
how  to  handle  particles  bound  in  square  wells  and  in  harmonic  oscillators. 


Quantum  physics  let?  yoii  work  with  the  micro  world  in  term?  of  th<?  .nngii- 
Lar  momenllum  oE  prirticlfis,  as  wc*]l  a*  I;hf:  spin  oE  Electrons.  Many  famoiis 
experiments  — Such  as  tllil-  Steni-GerlaCh  experiment.  in  which  beams  ul  par- 

tides  Split  in  magnetic  fields — -are  understandable  only  i ji  terms  o£  Quantum 
physics,  and  you  get  all  the  details  here. 


With  Quantum  Physics 


In  | he  first  thre^  parts,  all  thtf  quantum  physics  problems  arc?  on^im-Eris-innal 
to  make  life:  a little  easier  while?  yoilVf  understanding  how  In  solve  those 
problems.  In  Parr  IV,  you  branch  out  lo  working  with  three-dimensional  prob- 
lems in  both  rectangular  anti  spherical  coordinate  systems.  Taking  things 

from  ID  to  3D  gives  you  a belter  picture  oi  what  happens  in  the  real  world. 
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In  This.  part,  you  work  with  multi]]  lesparticia  systems,  such  as  atoms  and 
yases.  Yuli  sec  Ildw  to  fiaiidie  many  elect  rails  id  atoms,  particles  interacting; 
with  Olkcr  panicles,  and  particles  that  scatter  ofl  older  panicles. 


Dealing  wild  iliultipte  particles  is  all  ictol Illt  step  in  modeling  reality  — alter 

all,  systems  with  only  a single  particle  don’t  take  you  ^ery  far  In  the  real 
world,  which  Is  built  of  mega,  mega  systems  of  particles.  In  Pari  V,  you  see 
how  quantum  physics  can  handle  the  situation. 


Part  Vh  The  Part  of  Tens 

You  see  the  Fart  of  the  Tens  In  all  Fw Dummies  books.  This  pari  is  made 
up  of  last-paced  lists  oE  ten  Items  each.  You  Set  So  see  some  of  the  ten  best 

uni  me.  tutorials  dm  quantum  physics  and  a discussion  ul  quantum  physics" 
ten  greatest  triumphs. 


You  find  a handful  of  icons  In  this  book,  and  here's  what  they  mean; 


This  ienn  lla&Js  particularly  i^ond  advice,  especially  when  you're  solving 
problems. 


This  iron  marks  something  to  remember,  such  as  a law  of  physics  or  a pariicu- 
lariy  juky  equation. 


This  iron  means  (bat  what  follows-  is  technical,  insider  stuff.  You  don't  have  to 
npnrt  il  il  you  don’t  want  to,  hut  If  you  want  to  become  a quantum  physics  pro 
(and  who  doesn't?),  take  a look. 

■■  ir  ' 


This  iron  helps  you  avoid  mathematical  nr  cnncnptual  slip-ups. 
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AIJ  right,  you're  all  set  and  ready  to  go.  You  can  jump  in  anywhere  you 


like.  For  instance,  it  you're  sure  electron  spin  is  going  to  be  a big  topic  ol 
conversation  at  a party  this  weekend,  check  out  Chapter  6.  And  il  your 
upcoming  vacation  to  Geneva,  Switzerland,  includes  a side  trip  to  your  new 
favorite  particle  accelerator  — the  Large  Hadron  Colli der  — you  can  flip  to 
Chapter  12  and  read  up  on  scattering  theory,  Rut  if  yon  want  to  get  the  full 
story  from  the  beginning,  jump  Into  Chapter  1 first  — that's  where  the  action 


starts. 
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In  this  pan . . ■ 


IiLh  parr  is  [IssigpiEcI  to  ^ivc?  you  no  introclu^tion  to  till?! 
ways  Df  quantum  physics.  You  see  the  issues  that 
gjjave  rise  to  quail  tuna  physio  a rid  the  kinds.  td  solulitms  il 
provides.  L also  introduce  you  lo  the  kind  ol  math  that 

quantum  physics  requires,  including  the  notion  of  slate 
vectors. 
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h This  Chapter 

Pulling  lorLh  theories  ui  quantization  acid  discrete  uni  Is 
fcpflnnienHn^  with  wsvrr-  anting  as  particle 
K^p^rimprU-inj;  with  particles  acting  as  ¥wes 

i*-  ■-  — 

Embracing  uncertainty  and  probability 

* ‘.'1**0##*  »******#**•# 


JLM  ccording  to  classical  physics,,  particles  are  particles  and  waves  are 
V B waves,  and  never  the  twain  shall  mix.  That  Is,  panicles  have  an  energy 
E and  a momentum  vector  p,  and  that's  the  end  of  It.  And  waves,  such  as  light 
waves,  have  an  amplitude  A and  a wave  vector  k (where  the  magnitude  of  Jt  = 

*p  where  t.  Is  the  wavelength)  that  points  in  the  direction  the  wave  Is  irav* 

ding.  Arid  that  a the  end  Ol  that,  too,  according  to  classical  physics. 


But  the  reality  is  different — particles  lurn  out  to  exhibit  wave-like  proper- 
ties .and  waves  exhibit  partlde-Uke  properties  as  well,  The  Idea  that  waves 
(like  light)  can  act  as  particles  (like  electrons)  and  vice  versa  was  the  major 
revelation  thal  ushered  in  quantum  physics  ns  such  an  important  part  of  the 
world  of  physics.  This  chapter  lakes  a look  at  the  challenges  facing  classical 
physics  around  the  turn  of  the  20th  century—  and  bow  quantum  physics 
gradually  came  to  the  rescue.  Up  to  that  point,  the  classical  way  of  looking 

a!  physics  was  thought  to  explain  just  about  everything,  but  as  Ihnsa  pesky 
experimental  physicists  have  a way  of  doing,  they  Came  up  with  a bunch  ul 
experiments  that  the  theoretical  physicists  euuldn'l  explain. 


That  made  the  theoretical  physicists  mad,  and  they  got  on  the  job.  The  prob- 
lem here  was  the  microscopic  world  — ihe  world  thal  s too  tiny  lo  see.  On 
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the  larger  scale,  classical  physics  could  still  explain  most  of  whal  was  going 
on  — hut  when  It  came  to  effects  that  depended  on  the  micro-world,  classh 
cal  physics  began  to  break  down.  Taking  a look  at  how  classical  physics  col- 
lapsed gives  you  an  introduction  to  quantum  physics  that  shows  why  people 
needed  it, 


One  of  the  mayor  ideas  of  quantum  physics  is.  well,  quaniizaiiott  — measuring 
quantities  in  discrete,  not  continuous,  units.  The  idea  of  quantized  energies 
arose  with  one  of  the  earliest  challenges  to  classical  physics;  the  problem  of 

black-body  radiation. 


When  you  heat  an  object,  it  begins  to  glow,  liven  before  the  glow  is  vis i hie, 

it's  radiating  in  the  infrared  spectrum.  The  mason  il  glows  is  that  as  you  heat 

it.  the  electrons  on  the  surface  oi  the  material  are  agitated  thermally,  and 
electrons  being  accelerated  and  decelerated  radiate  light. 

Phvsics  in  the  late  1 9th  and  earlv  20th  centuries  was  concerned  with  the 
■ ■ 

spectrum  of  light  being  emitted  by  black  bodies.  A biock  body  is  a piece  of 
material  that  radiates  corresponding  to  its  temperature  — but  It  also  absorbs 
and  reflects  light  iro-m  its  surroundings.  To  make  matters  easier,  physics  pos- 
tula  ted  a black  body  that  reflected  nothing  and  absorbed  all  the  light  Falling 

IM  _ 

on  it  (hence  the  term  h I nek  fcorfy.  heranse  the  object  would  appear  perfectly 
black  as  it  ahsorhed  all  I ijjt.it  lallinjj  on  it).  When  you  tm.it  .1  Mark  body,  it 
would  radiate.,  -Emitting  light. 

Well,  it  was  hard  to  come  up  with  a physical  black  body  — alter  all,  what 
material  absorbs  light  100  percent  and  doesn't  reflect  anything?  But  the 
physicists  were  clever  about  this,  and  Ihey  came  up  with"  llic  hollow1  cavity 
you  see  in  Figure  M*  with  a hole  In  il. 

When  you  shine  light  on  the  hole,  all  that  light  would  go  Inside,  where  il 

would  he  reflected  again  and  ajjain  — until  it  ££nt  absorbed  (a  neijLkjihle 

■ 

amount  oE  light  would  escape  Through  the  hole).  And  when  you  heated  the 
hollow  cavity,  the  hoLe  would  hegin  to  glow.  So  them  you  have  it  — a pretty 
good  approximation  ol  a black  body. 
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Vou  can  see  the  spectrum  of  a tftack  body  (<ind  attempts  to  model  that  spec- 
trum) in  Flairs  1-2.  for  two  fiifferenl  temperatures,  TL  and  T.;i.  Ttic?  problem 
was-  that  nobody  was  afrlp  to  coma  op  with  a thaorp.Tirnl  explanation  fnr  the 
spectrum  of  liijlit  ^pneratpd  by  tha  black  body.  Evpiylliini*  classical  physics 

c o i j I r)  come  up  with  went  wrong. 


Fkpitia  1-2: 
Slack- 'body 
radialicim 
spE-clmm. 
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The  first  one  to  try  to  explain,  the  spectrum  of  a black  body  was  Willhelm 
Wjeih  In  1S&9.  Using  classical  therm odynamlcs,  became  up  with  this  formula: 

ejti|  u. T | = Au 


whure  A and  |J  arc  constants  you  determine  from  your  physical  selup,  V is  the 
frequency  ui  the  light.  Jii'id  T is  the.  teanperaturt  nl  the  black  body.  (The  s-pec- 

t rLLLi'i  is  given  by  □,[ti?T]1  which  is  the  energy  density  of  the  emitted  light  as  a 
function  ol  frequency  and  temperature,) 


This  equation.  Wien’s  formula,  worked  fme  for  high  frequencies,  as  you  can 
see.  In  Figure  1-2;  however,  l|  failed  for  low  frequencies. 


Next  up  in  the  attempt  to  explain  the  black-body  spectrum  was  the  KaleiRh- 

Jeaiiii  Law.  introduced  nruuiid  iSfK).  Tins  law  predicted  that  ihc  spectrum  of 
a black  budv  was 


where  ft  is  BultiiiEuin'smOi'L&tant  (approximately  ]_3S07  * IU~-L!  J=K"r).  However, 

the  Raleigh- Jeans  Law  had  the  opposite  problem  of  Wien's  law!  Although  it 
worked  well  at  low  frequencies  (see  Figure  1-2).  it  didn't  match  the  higher- 
frequency  data  at  all  — id  fact,  it  diverged  at  higher  frequencies.  This  was 
called  the  utimviatei  catastrophe  because  the  best  predictions  available 
diverged  at  high  frequencies  (corresponding  to  ultraviolet  light).  It  was  time 
for  quantum  physics  to  take  over. 


The  black-body  problem  was  a lough  one  to  solve,  and  with  it  came  die  first  begin- 
nings of  quantum  physics.  Max  Planck  came  up  with  a radical  suggestion 


what  if  the  amount  of  energy  that  a light  wave  can  exchange  with  matter 
wasn't  continuous,  as  postulated  by  classical  physics,  but  dlistve(e?ln  other 
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words,  Planck  postulated  that  the  enerjfy  of  the  light  emitted  from  the  walls 
of  the  black-body  cavity  came  only  In  Integer  multiples  like  this,  where  ft  is  a 
universal  constant: 

F = n/m,  where  n = 0, 1,  2 , , , . 


With  this  theory,  crazy  as  ii  sou.iid.ed  in  the  early  1900s,  Planck  converted  the 
continuous  integrals  used  by  Raleigh-ieans  to  discrete  sums  over  an  infinite 
number  of  terms.  Making  that  simple  change  gave  Planck  the  following  equa^ 
(ion  for  the  spectrum  of  black-body  radiation; 


it(o,T)  = 


fljnj 

c1 


ho 


L 


This  equation  got  It  right  — it  exactly  describes  the  black-body  spectrum, 

■i..i  V 

both  at  low  and  hlijh  (and  mod  km,  for  that  matter)  Ir-equencles. 

jt  ^ 


This  idea  was  quite  newr  Whnt  Planck  was  saying  was  that  the  enerjgy  of 

tlic  radiating  oscillators  in  the  black  body  couldn't  take  -mi  just  any  level  m 
energy,  as  classical  physics  allows.;  it  coutd  take  on  only  specilic,  tfuanii&t} 
energies-  In  fact,  Planck  hypothesized  that  that  was  true  lor  any  oscillator 
that  its  energy  was  an  integral  multiple  oJ  An, 


And  so  Planck’s  equation  came  to  be  known  as  Planck's  quantization  rule,  ami 

t\  became  Fia neb's  constant:  ft  = 6.6 26  x ifH1  Joule-seconds.  Saying  that  the 

■ 

energy  oF  all  oscillators  was  quantized  was  the  birth  of  quantum  physics. 

Ore:  has  to  wonder  how  Planck  cams  up  with  his  theory,  because  it's  not 
an  obvious  hypothesis.  Oscillators  ran  nsrillate  only  at  discrete  energies:' 
Where  did  that  come  From?  [n  any  case.  the  revolution  was  an  — and  there 

was  no  stopping  it. 


Light  as  particles?  Isn't  light  made  up  oE  warns?  Light,  it  turns  out,  exhibits 
properties  of  both  waves  and  particles.  L hLs  section  shows  yon  some  of  the 
evidence. 
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The  photoelectric  effect  was  one  of  many  experimental  results  that  made  up 
a crisis  Tor  classical  physics  around  the  turn  of  rho  2(ith  century.  It  was  also 
one  of  Einstein  s first  successes,  and  !t  provides  proof  of  the  quantization  of 

light.  HerE^.s  whdS  happened. 


When  you  shine  light  oclId  metal,  ax  Figure  1-3  shows,  you  get  emitted 
uluCtmjiS.  Tlii:  electrons  absorb  tin:  light  you  shine,  and  if  E I uiry  gut  enough 
energy,  ihCy'rC  able  to  break  fret  til  the  itielaTs  surface.  According  iti  clas- 
sical physics,  light  la  jus-l  a wave,  and  it  cat!  exchange  any  amount  of  energy 
with  the  metal.  When  you  beam  light  on  a piece  of  metal,  the  electrons  in  the 
metal  should  absorb  the  light  and  slowly  get  up  enough  energy  to  be  emit- 
ted from  the  metal.  The  Idea  was  that  If  you  were  to  shine  more  light  onto 
the  metal,  the  electrons  should  he  emitted  with  a higher  kinetic  energy.  And 
very  weak  light  shouldn’t  be  able  to  emit  electrons  at  nil,  except  in  a matter1 
of  hours. 


But  that's  rltit  what  happened  — electrons  w C re  emitted  as  Stitin  as  StiniiOtiiie 
£ Iloi'iC  light  on  the  EciCta).  In  fact,  liti  matter  Jiiiw  weak  the  intensity  of  the 
incident  Light  (and  research urfi  tried  experiments  with  Such  weak  light  that  it 
should  have  taken  hours  to  gel  a 1 1 y electrons,  emitted),  electrons  ul 'ere?  emit- 
ted. Immediately. 


Figure  1-3; 
Thu  phnlo- 
o-lflclric 
elFuct. 


Experiments  with  the  photoelectric  effect  showed  that  Ih-e  kinetic  energy,  K,  of 
the  emitted  electrons  depended  only  on  the  frequency  — not  the  intensity  — 
of  the  incident  light,  as  you  can  sue  in  Figure  1-4. 
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Kinetic 
enargy  nl 
amittad 
L-k-rimny 
versus 
fr&frutfncy 
Of  the  IriCi- 
dent  Tiijtn, 


In  Figure  M,  t^.  Is  called  the  i rt?.sh ofrf  fa  c^v ^v,  rind  If  you  shine  light  with  a tre- 
quency  below  this  threshold  on  the  metal,  no  electrons  are  emitted.  The  emitted 
electrons  come  from  the  pool  of  free  electrons  In  Hie  metal  (all  metab  have  a pool 
of  free  electrons),  and  you  need  to  supply  these  electrons  with  an  energy  eqniva- 
lent  to  the  metal’s  work  function,  W,  to  emit  the  electron  from  the  metal’s  surface. 


J he  rcsulls  were  hard  to  explain  cLassicalJy,  so  enter  Einstein,  FIlLs  m ns  the 
beginning  of  his  heyday,  around  L305_  Encouraged  by  l-'Janck's  success  (see- 
the preceding  section),  Einstein  postulated  that  not  only  were  oscillators 
quantised  but  SO  was  light  — into  discrete  units  tailed  photons.  Light.  he  sug- 
gested, acted  like  particles  as  wdl  as  waves. 


So  In  this  scheme,  when  light  hits  a metal  surface,  photons  hit  the  free  elec- 
trons, and  an  electron  completely  absorbs  each  photon,  When  the  energy. 
J!m,  of  the  photon  Is  greater  than  the  work  function  of  the  metal,  the  electron 

Is  emitted- That  is, 


An  = W 


where  W is  the  niLlal  s work  Junction  and  K is  the  kinetic  energy  of  the  emit- 
ted electron.  Solving  fur  K gives  you  the  following: 


K - hv  - W 


Yon  can  also  write  thLg  In  lerms  of  the  threshold  frequency  this  way; 


K = h(ij  - Up) 
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So  apparently,  Light  Isn’t  just  a wave;  you  can  also  view  It  as  a particle,  the. 
photon.  In  other  words,  light  is  quantized. 

That  was  also  quite  an  unexpected  piece  of  work  by  Ftnsteln,  although  it  was 
based  on  the  earlier  work  at  Planck,  light  Quantized*  Light  coming  in  dLs Crete 
energy  packets?  What  next? 


To  a world  that  still  had  trouble  comprehending  light  as  particles  (see 
the  preceding  section}.  Arthur  Compton  supplied  the  final  blow  with  the 
Compton  ehect.  His  experiment  Involved  scattering  photons  off  electrons,  as 
Figure  1-5  shows. 


Figure  1-S: 

Light 
incident  an 
an  Electron  Photon 
at  rest.  \ 


El&ctron  at  r&st 


Incident  llt(ht  comes  In  with  a wavelength  of  and  hits  the  electron  at  rest, 
After  that  happens,  the  Ikjht  is  scattered,  as  you  see  In  Figure  ML 


Fi-gura  1-fi: 

Photon 
scattering 
off  an 
electron. 
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Classically*  here's  what  should’ve  happened : The  electron  should’ve  absorbed 
the  Incident  light,  oscillated,  and  emitted  It— with  the  same  wavelength  but 
wltb  an  intensity  depending  on  the  Intensity  of  the  Incident  light,  But  that’s 
not  what  happened  — in  tact,  the  wavelength  of  the  light  is  actually  changed 
hy M*  called  the  wavefetigth  s/rifl1.  The  scattered  light  has  a wavelength  of  ?. 
t & i — in  other  words*  Its  wavelength  has  increased,  which  means  the  light 

CbL 

has  lost  energy.  And  depends  on  the  scattering  angle.  0.  not  un  the  IclC-lm l- 
_s i ty  uj  the  incident  light. 


Arthur  Compton.  could  explain  the  results  of  his  experiment  only  by  making 
the  assumption  that  lie  was  actual [y  dealing  with  two  particles  — a photon  and 
an  elec  iron.  Thai  is.  lie  treated  light  as  a discrete  particle,  not  a wave.  And  he 
made  the.  assumption  that  the  photon  rind  the  electron  collided  elasllcally 
thai  is,,  that  both  total  energy-  and  momentum  were  conserved. 


Making  the  assumption  that  both  the  IlytUand  the  electron  were  partkclcs, 
Compton  then  derived  I his  formula  for  the  wavglemjili  shift  (h’s  an  easy  cal- 
culation if  you  assume  that  Ihn  light  is  rep-rcsenterl  hy  photon  with  energy 

E - An  aLkd  that  its  ni-mnentujii  is  p = V0; 


A?u  ■ — — ( 1 “ rjrjclS1 1 
mrC  ‘‘  * 

where  A is  Planck’s  constant,  rri„  is  the  mass  of  an  electron,  c as  the  speed  ol 
light,  and  e is  the  scattering  angle  of  the  light. 


You  also  see  this  equation  In  the  equivalent  form: 

As.  = 4.iA.  sin2 


where  "V,  l-s  the  Compton  wavelength  ol  an  electron,  s-,2  - 4,7?  2,0.  where 
4 = hfa£n.  And  experiment  confirms  this  relation  — both  equations, 


Note  that  to  derive  the  wavelength  stish,  Compton  had  to  make  the  assump- 
tion that  here,  light  win  anting  as  a particle,  not  as  a wave.  That  is,  the  par- 
ticle nature  oE  light  was  Ihe.  aspect  of  The  Eight  thaf  was  pre.cloDnin.acit. 


In  1928.  the  physicist  Paul  Dirac  posited  the  existence  of  a positively  charged 
anti-electron,  the  tsostirou.  He  did  this  by  taking  the  newly  evolving  held  ol 
quantum  physics  to  new  territory  by  combining  relativity  with  quantum 
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mechanics  to  create  relativist  lc  quantum  mechanics  — and  that  was  the 
theory  that  predicted,  through  a plus; minus-sign  Interchange  — the  exis- 
tence of  the  positron. 

It  was  a hold  predict  Ion  — an  anti-particle  of  the  electron?  Rut  just  four  years 
later,  physicists  actually  saw  the  positron.  Today "s  high-powered  elementary1 

particle  physics  Ians  all  kinds  ot  synchro!  rous  and  other  particle  accelerators 
to  create  all  I he  elementary  particles  they  need,  but  in  the  early  2Uth  century, 
tl't is  wasn't  always  So. 


In  those  days,  physicists  relied  on  cosmic  rays  — those  particles  and  high- 
powered  photons  (called  gamma  rays)  that  strike  the  Earth  from  outer  space 
as  their  source  of  panicles.  They  used  dottd-cfiamtw^  which  wore  filled 
with  vapor  From  dry  )ceh  to  see  the?  trails  s uch  particles  left.  They  put  their 
chambers  Into  magnetic  fleEds  to  he  able  to  measure  the  momentum  of  the 
particles  as  they  curved  in  those  fields , 


In  lftSl,  a physicist  noticed  a surprising  Event,  A pair  of  particles,  oppositely 
charged  (which  could  U-l*  determined  from  the  way  they  Curved  in  the  mag- 
netic field)  appeared  from  apparently  nowhere.  No  panicle  trail  led  to  the 
origin  of  the  tw  o particles  that  appeared.  That  was  pGir-pfOtivctiOTt  — the  eon 
version  ol  a high-powered  photon  into  an  electron  and  positron,  which  can 
happen  when  the  photon  passes  near  a heavy  atomic  nucleus* 


So  experimentally,  physicists  had  now  seen  a photon  (liming  Into  a pair  of 
particles.  Wow.  As  if  everyone  needed  more  evidence  of  the  particle  nature 

of  light.  E-ater  on,  researchers  Also  saw  pair  Of?  nji\  He?  tin  n:  the  conversion  oF  an 
Electron  and.  positrnn  into  pure  light. 


Pair  prodLLCtion  and  annihilation  turned  out  to  bn  governed  by  Einstein’s 

newly  introduced  theory  ol  relativity  — in  particular,  his  most  famous  for- 
mula, E = me , which  gives  the  pure  energy  equivalent  of  mass.  Ai  this  point, 
there  ivas  an  abundance  ol  evidence  of  the  particledibe  aspects  of  light. 


In  1323 . IhE  physicist  Louis  de  droglie  suggested  that  not  only  did  w fives 
exhibit  particle-like  aspects  but  the  reverse  was  nlsu  true  — all  material  par- 
tides  should  display  wave-like  properties. 
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How  does  tlhs  wea  k?  Fnr  a photon,  iSLOinecULim  p = where  V is  t It.r 

photon's  frequency  and  X is  Its  wavelcngtl].  And  the  wave  vector,  k,  is  ec|LinJ 
to  ft  = pih , where  ft  - ft/2rr.  Dc  Broglie  said  I hat  the  same  relation  should  hold 
for -all  material  particles.  That  is. 


P 


Dc  Broglie  presented  these  apparently  surprising  suggestions  In  Ills  Fh,Dn 
thesis.  Researchers  pul  these  suggestions  to  the  test  by  sending  a beam 
through  a dual-silt  apparatus  to  see  whether  the  electron  beam  would  act  like 
It  was  made  up  of  panicles  or  waves.  In  Fljpire  1-7,  you  can  see  the  setup  and 
the  results. 


Eluclntms 


N>- 


F5  injure  1-7; 
£n  electron 
bu?ain»  ijOrnn 

chroutih 

twn  slits. 


Iji  Figure  l-7a,  you  can  see  a beam  ol  electrons  passing  through  a single  slit 
and  the  resulting  pattern  on  a screen.  In  Figure  l-7b_  the  electrons  are  pass; 
Ing  through  a second  slit.  Classically,  you'd  expect  the  intensities  of  Figure 
I“7a  and  i*7b  simply  to  add  when  both  silts  are  open: 


I « I,  + L. 

But  that's  not  what  happened.  What  actually  appeared  was  an  interference: 
pattern  when  both  slits  were  open  (Figure  l-7c),  not  ji LFt  a sum  ol  rhe  two 
slits"  electron  intensities. 
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The  result  was  a validation  of  tie  Broglie’s  Invention  of  matter  waves. 
Experiment  bore  out  the  relation  that  I = and  tie  Proglle  was  a success. 


The  idea  or  matter  waves  is  a big  part  of  what's  coming  up  in  the  rest  of  the 
hoot.  In  particular,  the  existence  ol  matter  waves  says  that  you  add  the 
waves’  amplitude,  4't0;  0 and  f2(^  t),  nor  their  intensities,  to  sum  them; 

w<r  1)  = Vjfr.  1}  - V,(r.  i) 


You  square  the  amplitude  to  get  the  intensity,  and  the  pliasc  difference 


between  1)  and  0 is  what  actually  creates  the  interference  pattern 
that's  observed. 


So  particles  apparently  exhibit  wave-like  properties,  and  waves  exhibit 
particle-like  properties.  But  if  you  have  an  electron,  which  is  it  — a wave  or  a 
particle?  The  truth  is  that  physically,  an  elec  iron  is  just  an  electron,  and  you 
can’t  actually  say  whether  it  s a wave  or  a particle.  The  act  of  rfl<?asu?ertterrf  is 
what  brings  out  the  wave  or  particle  properties.  You  see  more  about  this  Idea 
throughout  the  book. 


Quantum  mechanics  lives  with  an  uncertain  picture  quite  happily.  That  shew 
nfrendert  many  eminent  physicists  of  the  time  — notably  Albert  llinsteln,  who 
said,  famously,  “find  does  not  play  dice."  In  this  section,  I discuss  the  idea  oE 
uncertainty  and  how  quantum  physicists  work  in  probabilities  instead. 


The  facl  that  matter  exhibits  wave-like  properties  gives  rise  to  more  trouble — 
waves  aren’t  localized  in  .space,  And  knowing  that  inspired  Werner  Heisenberg, 
in  1927.  to  come  up  with  Ills  celebrated  uncertainty  principle. 


You  can  completely  describe  objects  In  classical  physics  by  their  momentum 

and  position,  both  of  which  you  can  measure  exactly.  In  other  words,  classi- 
cal physics  is  completely  detenninislic. 


On  the  atomic  level,  however,  quantum  physics  paints  a different  picture. 
Here,  the  f fei&enberg  jjncerJajViiy  prinerpte  says  rliat  there's  an  inherent  uncer- 
tainty in  the  relation  between  position  and  momentum.  In  the  x direction,  for 

example,  that  looks  Like  tills: 


Chapter  1 : Discoveries  and  Essentia!  Quantum  Physics 


whpre  A.V  is  The  msasiirnment  uncertainty  in  thp.  particle's  _f  position,  '5pi  Lr 
its  iiieasijremnnT  unrErtninty  in  its  momentum  in  the  Jr  direction  and  ft  = .rr/2.T, 

That  is  tu  say,  the.  more  a.ccuraluly  you  know  the  position  oE  a particle,  the 
Less  accurately  you  know  the  momentum,  and  viee  verso.  This  relation  holds 

for  all  three  dimensions. 


And  the  Heisenberg  uncertainty  principle  is  a direct  consequence  o i the 
wave-like  nature  of  matter,  because  you  can’l  completely  pin  down  a wave, 

fjuantum  physics,  unlike  classical  physics.  Is  completely  tm  deterministic. 

You  ran  cmvor  know  the. prertie  position  and  momentnin  cl  a particle-  at  any 
one  tame.  You  can  give  only  proha  bililies  Eor  I hose  Linked 
measurements. 


n quantum  physic*,  the  stale  oF  a particle  is  described  by  a wave  function, 
qifr;  t\  The  wave  Function  describes  the  de  Rro#e  w ave  of  a particle-  giving 

m ■ 

Us  amplitude  as  a Function  of  position  and  time-  (See  the  earlier  section  4 A 
Dual  Jdmlity:  Looking  nt  Particles  as  Waves"  tor  more  oil  de  Broglie.) 


Note  that  the  wave  function  gives  a particle's  amplitude.  Util:  intensity:  if  you 
want  to  liud  the  intercity  oi  the  wave  function.,  you  have  to  kciuare  it::  I yfr  jf)la. 
The  infects  it y ol  a wave  is  whaf  s equal  to  the  probability  that  the  particle  ivill 
he  at  that  position  at  that  time. 


That's  how  quaniiim  physics  converts  Issues  ol  momentum  find  position  Into 
probabilities;  by  usin^  a wave  Function,  whose  square  tells  you  pYvbQbifity 

that  a particle  will  occupy  a particular  position  or  have  a particular 

momentum.  In  other  words,  I f (r,  J ) I - [5  the  prnbahilily  (linl  the  particle 
will  bp.  Found  in  thp  volume  Element  iTV,  located  at  posit  inn  pat  lime  f. 

-j  -j  •*  - . ■ ^ 1 *- 
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Besides  the  position-space  wave  function  i|r(rr  f),  there's  also  a momentimr- 
space  version  ol  I he  wave  fund  ion:  4>(p.  /)■ 


This  book  is  largely  a study  ot  the  wave  function  — the  wave  Junctions  of  free 

particles,  Hie  wave  functions  of  particles  trapped  Inside  potentials,  of  identic 
cal  particles  hitting  each  other,  of  particles  In  harmonic  oscillation,  of  Light 
scattering  from  particles,  and  more.  Using  this  kind  of  physics,  you  can  pre^ 
diet  the  behavior  of  all  kinds  of  physical  systems. 
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In  This  Chap  ter 

► Creating  state  vectors 

Using  Dirac  notation  for  staTc  victors 
p-  Working  with  bra?;  and  kct*. 

^ Understanding  matrix  mechanics 

► Getting  Lo  wave  mechanics 


0 


I JpuautuiEi  physics  isu  t just  about  playing  aruuml  with  your  particlu  accl’I- 

eralor  while  trying  nut  to  destroy  the  universe.  Sometimes,  you  get  to 
do  things  that  are  a little  more  mundane,  like  turn  lights  o(t  and  on,  perform  a 
bit  of  calculus,  or  play  with  dice. 


If  you’re  actually  doing  physics  with  those  dice  (beyond  hurling  them  across 
the  room),  the  lab  director  won't  even  yet  mad  at  you.  In  quantum  physics. 

Absolute!  measurement.1;  art?  repLacerf  by  pro  h Abilities,  so  you  may  use  dice  to 


calculate  the  probabilities  tliAt  various  numbers  wilL  come  up.  Yolicau  then 
assciitbk  those  values  into  a vector  [ single-column  matrix)  in  Hilbert  space 
(a  type  ul  infinitely  dimensional  veclor  space  with  seme  properties  that  are 
especially  valuable  in  quantum  physics). 


This  chaplet  ini  reduces  how  you  deal  with  probabilities  in  quantum  phys- 
ics, starting  by  viewing  the  various  possible  states  a particle  can  occupy  as 
a vector  — a vector  of  probability  states.  From  there.  I help  you  familiarize 
yourself  with  some  mathematical  notations  common  in  quantum  physics, 
including  bras,  kets,  matrices,  and  wave  functions,  Along  the  way,  you  also 
get  to  work  with  some  important  operators. 
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In  quantum  physics,  probabilities  take  the  place  uf  absolute  measurements. 


Say  you've  been  experimenting  with  rolling  a pair  oJ  dice  and  are  trying  10 
figure  the  relative  probability  that  the  dice  will  show  various  values.  You 
come  up  with  a list  indicating  the  relative  probability  of  rolling  a 2.  3,  4.  and 
so  on*  all  the  way  up  to  12: 


Sum  fj f the  Dick  ftititatii-K  Pritliuhiiily  (Number  uf  itfjyv 

RoIIiftg  ft  Pfrrticutfir  Ttititl) 

2 I 


3 

4 

5 

6 
7 
S 


3 

4 

5 

6 


11 

12 


2 

I 


In  other  words,  you're  twice  as  likely  to  roll  a 3 titan  a 2,.  you! re  lour  limes  as 
likely  to  roll  a 5 than  a 2,  and  so  on,  You  can  assemble  these  relative  prob- 
abilities into  fl  vector  (It  you  re  th Inking  of  a “vector"  Erom  physics,  think  in 
terms  oF  a column  oE  the  voclnr's  com pnnenls,  not  * magnitude  and  rtirectinn) 
tu  kfipp  track -of  them  easily: 
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Okay,  now  you're  getting  closer  to  (tie  way  quantum  physics  works.  You 
have  a vector  of  the  probabilities  that  the  dice  win  occupy  various  states. 
However*  quantum  physics  doesn’t  deal  directly  with  probabilities  bin  rather 
with  probability  amplitudes,  which  are  the  square  roots  of  the  probabilities. 

To  IieleI  the  actual  probability  that  a particle  will  he  in  a certain  state,  you  add 
wave  Junctions  — which  arc  going  to  be  represented  hy  these  vectors  — anti 
then  square  them  (see  Chapter  I for  info  un  why).  So  take  the  square  rout  ul 
all  these  entries  to  gel  the  probability  amplitudes: 
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That's  better,  but  adding  the  squares  of  all  these  should  add  up  to  a total 
probability  of  1 ; as  It  Is  now%  the  sum  of  the  squares  of  these  numbers  Is  35, 
sod  I vide  each  entry  by  35iys,  or  6: 


* 


Sc?  nr>w  ym,L  c^n  ijgt  the  prpbcib-Llity  <?f  rolling  any  corn  I?  in  at  inn  Imm  !i!  ft?  12  fry 
reading  down  the  vector  — the.  probability  nf  rolling  a 2 is  1 -rs,  ol  rolling  a 3 is 

JfjT 

and  so  on. 


\V3ien  you  have  a state  vnt  tor  that  gives  tJie  probability  amplitude  That  a pair 
of  dice  will  be  in  tJieir  various  possible  states,  you  basically  have  a vector  in 

di€&  — all  the  possible  states  that  a pair  ol  dice  can  take,  which  is  an 
11  dimensional  space,  (See  the  preceding -section  lot  more  on  slate  vectors,) 
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But  In  most  quantum  physics  problems,  the  vectors  can  be  Infinitely  large  — for 
example,  a moving  particle  can  bo  In  an  Infinite  number  of  states,  Handling 
large  arrays  of  stales  Isn’t  easy  using  irector  notation,  so  Instead  of  explicitly 
writing  out  the  whole  vector  each  tLme,  quantum  physics  usually  uses  the 
notation  developed  by  physicist  Paul  Dirac  — the  flrfac  or  bra-ltel  nortr/fon. 


Dime  nutation  abbreviates  the  slate  vector  as  a kst.  Like  tins:  tjj  >.  So  in  the 
dice  example,  you  can  write  the  stale  vector  as  a ket  this  wav; 


Copyrighted  material 


Part  I:  Small  World,  Huh?  Essential  Quantum  Physics 


Here,  the  components  of  the  state  vector  are  represented  by  numbers  in 
1 1 -dimensional  dice  space.  More  commonly,  however,  each  component  rep* 
resents  a function,  something  like  this; 


1^  > S3 

1 / ui 1 ^ 

u 

2 ' ■ / 

/fie 


¥* / 


/fi 


, e 


2 / 

7 1,1 

L / / 

F 5-  / 

* J / 
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-y  6 
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! r / 
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2/ 
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You  c-in  lbr-e  functions  JL5  components  cif  3 state  vector  a*  lontf  .us  they’re 

Linearly  independent  lime. turns  (.and  .so  can  he  treated  as  inrtepen dp.nl  axes 
in  Hilbert  .space).  In  yen  era  L a set  of  vectors  in  HilheeT  space  Is  linearly 
independent  if  Tttn  only  solution  to  rtiF  following  equation  Ls  that  all  The  coef- 
ficients cT  = 0: 

n 


That  is,  as  long  as  you  can't  write  any  one  vector  as  a linear  combination  ol 

the  others,  the  vectors  .ure  linearly  independent  and  so  Icum  ,u  valid  ba^is  in 
Hilbert  space. 


For  every  ket,  there's  a corresponding  bra.  {The  terms  come  from  bra-bet.  or 
frmrftef.  which  should  he  clearer  In  the  upcoming  section  tilled  "Grooving 
with  Operators ,')  A fwtT  Js  the  Hermitian  conjugate  of  the  corresponding  ket- 


Suppusu  you  start  with  this  ket: 


The r symbol  means  the  complex  conjugate,  (A  complex  txmjugaie  flips  the 
sign  connecting  the  real  and  Imaginary  parts  ot  a complex  number,)  So  the 

corresponding  bra,  which  you  write  as  I , equals  I yvr\  The  hra  Ls  this  row- 
vector: 


Note  that  If  any  ol  the  elements  of  the  ket  are  complex  numbers,  you  have  to 
take  their  complex  coiilugale  when  creating  the  associated  hra.  For  Instance, 

If  your  complex  number  in  the  ket  is  o t (w.  its  complex  conjugate  in  the  hra  Is 

n - tii. 
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Van  ran  takn  the  product  al  your  kct  ami  lira,  denoted  as  I qj>,  like  this: 

< If/  !}/& H 


This  is  just  matrix  multiplication.  and  the 
of  the  squares  of  the  elements: 


■J 


" + + 
IK  36 


result  is  the  same  as  taking  the  sum 


'1  7 

4-  jL  + Ji. 

IK  3G 


And  that's  the  way  It  should  be,  because  the  total  probability  should  add  up  lo 

jm0 

I.  Therefore,,  in  general,  the  product  of  the  bra  and  ket  equals  I: 


If  this  relation  tiolds,  the  ket  liys-  Is  said  ro  he  narauitized. 
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The  reason  ket  notation,  tp>,  is  so  popular  In  quantum  physics  Is  that  It 
allows  you  to  work  with  state  vectors  In  a basis-free  way,  In  other  words, 
you’re  not  stuck  In  the  position  basis,  the  momentum  basis,  or  the  energy 
basis.  That’s  helpful,  because  most  of  the  work  in  quantum  physics  takes 

place  i3]  abstract  calculations,  and  you  don't  want  to  have  to  drag  nil  the  coin- 
poncEitH  ui  state  vectors  through  those  calculations  (oltcn  you  can't — there 
may  be  inliEiil-c  possible  states  in  the  problem  you're  dealing  vr  illt  j. 


For  example,  s ay  that  you’re  repres  end  ng  your  states  using  position  vectors 
In  a three-dimensional  Hilbert  space  — that  Is,  you  have  xf  y;  and  j axes, 
forming  a position  &as  r's  for  your  space.  That's  fine,  but  not  all  your  calcula- 
tion* have  lo  be  done  using  that  posMlon  basis. 


You  may  want  to,  Eor  example,  represent  vuur  states  in  a three-dimensional 
mume-ntuj]i  space,  with  tJircc  eixcs  lii  Wilbert  space,  pt.  p.a  and  pm.  Now  you'd 
have  tu  change  all  yum-  pusitioi!  vectors  to  iciutnctilum  vectors,  adjust- 
ing oath  tOrtipoitcrtt,  sail  keep  track  of  wlial  happens  10  Cvtry  CmPpOjICr'it 
through  all  yOur  calculations. 


So  nirac's  bra-ket  notation  comes  to  the  rescue  here — you  use  It  lo  perform 
all  the  math  and  then  plug  in  the  various  components  of  your  state  vectors  as 
needed  at  the  end,  That  Is,  you  can  perform  your  calculations  In  purely  sym- 

B ■■■  u %• 

bode  term*,  without,  being  tied  tc  a basis. 


And  when  you  need  to  deal  with  the  components  i A ei  kut_  such  as  when  you  want 
to  get  physical  answers,  you  can  also  convert  kets  to  a different  basis  by  taking  the 
ket  s components  along  the  ases  of  dial  basis.  For  example,  if  you  want  to  convert 
the  kel  Iw*  to  the  position  basjs,  as  represented  by  ^/,  and  fra  which  are  position- 


unit  vectors  along  Ihejt; y,  and  z axes,  you  can  just  find  die  three  components  of 
I *■>  along  ij,.  and  k for  the  new  version  of  the  ket,  l+>.  Here’s  how  that  looks  in 
general,,  where  ^ are  unit  vectors  In  the  basis  you’re  switching  to; 


ECet  notation  makes  die  math  easier  than  it  is  in  matrix  form  because  you  can 


take  advantage  of  a few1  mathematical  relations  hips.  For  example,  here's  the 
so-called  Schwarz  inequality  lor  state  'vector*: 


31 
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This  says  that  rtLc  square  of  the  absolute  value  oE  tins  product  of  two  state 
vectors.  I ^qrH^I",  is  hzss  than  or  equal  to  I 4^4>t6*.  This  turns  out  the  be 

the  analog  o(  the  vector  inequality: 


A-B 


i 


fia 

c5- 


So  why  is  the  Schwrjrj  inequality  so  useful?  It  turns  out  that  you  can  derive 
the  Heisenberg  uncertainty  principle  from  it  [see  Chapter  1 for  mare  cm  this 
principle), 


Other  ket  relationships  can  also  simplify  your  calculations.  Tu r instance,  two 
kets,  I and  art:  said  to  be  Oxlhvijffjrfal  il 

v \y  a!i  > s 0 


And  two  keTs  are  said  to  be  jwf/ nwj o ? tjj ci l if  they  meet  the  following  conditions; 

Ip*  <$jf|^>  = 0 

< (pip >=  1 


With  this  Information  In  mind,  you're  now  ready  to  start  working  with  operators. 


What  about  all  the  calculations  that  you're  supposed  10  l>e  able  10  perform 
wilh  kets?  Taking  the  product  of  a bra  and  a ket.  -.ip  i is  line  as  !ar  as  ii 
goes,  but  what  about  etftractlnj.;  some  physical  quantities  you  can  .measure? 

That’s  where  operators  come  In, 


Here's  the.  general  definition  of  an  operator  A in  quantum  physics:  An  operm- 
for  is  .i  mathematical  rule  I hat,  when  operating  on  a kcil,  1 transforms  that 
ket  into  a new  ket.  I y'>  in  the  same  space  (which  could  just  be.  the  old  ke.t 
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multiplied  by  a scalar).  So  when  you  Pave  an  operator  A,  It  transforms  kets 
like  this: 


For  that  matter,  the  same  operator  can  also  transform  bras: 


: \f!  A = < v 


Here  arc  several  ova m pies  of  the  kinds  of  operators  you'll  sec: 

p*  Hamiltonian  {If):  Applying  the  Hamiltonian  Operator  (which  looks  diller- 
ent  lor  every  different  physical  situation)  gives  you  £,  the  energy  ol  the 
particle  represented  by  the  ket  loot  E is  a scalar  quantity: 


H 


ur 


E 


tin  Ely  or  idem  Ely  (I):  The  unity  or  Identity  operator  leaves  kets 
unchanged: 


I 


v 


\y  ■> 


i ^ Gradient  (V);  T Jit"  gr&diciU  operator  works  like-  this: 


V 


Lb:  *Jv 


> 

d» 


\i/>j±Y-W>k 

*Jz 


v*  Linear  ui^m^iituiiii  (P);  The  linear  momentum  operator  looks  Like  this  in 
quantum  mechanics] 


F 


\p  > = -ift\  \y> 


v*  Laplacian  (A):  You  use  the  Lciplacian  operator,  which  is  much  like  a ser 
nmrl-ord  nr  gradient,  to  cream  Ihp  nnerijy-lindin^  Ham  i I Ionian  operator: 


A 


iff  > = A 


y>  'F 
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y z-  'i- 


a1 


as* 


'p> 
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In  general.  mni|  ip  lying  operators  toother  is  nut  Hie  same  independent  of 
nrrier,  sn  Eor  the  operators  A and  E,  All  * BA. 

And  an  operator  A is  said  To  be  iineay  if 


Given  that  everyth  ini'  in  quantum  physics  is  done  in  terms  ol  probabilities, 


making  predictions-  becomes  very  inipurtant.  Aji-cI  the  biggest  sueli  prediction 
is  the  expectation  value.  The  expetlutiun  value  ol  an  operator  is  the  aver- 
age value  that  you  would  measure  it  y u u performed  the  measurement  many 

times.  For  example,  the  expectation  value  ol  the  Hamiltonian  operator  (see 
the  preceding  section}  is  the  average  energy  of  the  system  you’re  studying, 


The  expectation  value  is  a weighted  average  of  the  probabilities  ol  the  sys’ 
tem’s  being  In  its  various  possible  states.  Here's  how  you  find  the  exportation 
value  oE  an  operator  A; 

Expectation  value  =<wA 


Note  that  because  you  can  express  I as  a row  operator  and  lip  as  a 
column  vector,  you  can  express  the  operator  A as  a square  matrix. 

For  example,  suppose  you’re  working  with  a pair  of  dice  and  the  probabilities 

% n ■ : Wf  y ■■■ 

of  all  the  possible,  sums  (see  the  earlier  section  "Creating  Your  (Two  Vectors 
iji  Hilbert  Spac-u" ) . Iji  this  dLcrj  example,  the  cxpectatsu'ii  value  as  a sum  of 
terms,  mill  e-ad i term  is  a value  tlmt  Can  be  displayed  by  die  dice,  multiplied 

by  the  probability  that  that  value  will  appear. 

Tli*  bra  and  ket  ^ilL  handle  Hi e probabilities,  so  it's  up  to  the  operator  that 
you  create  tor  this  — ea II  It  the  Roll  operQt&r,  R — ■ to  store  the  dice  values 
{2  through  12)  for  each  probability,  Therefore,  the  operator  R tootea  like  tills; 
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So  to  find  the  expectation  value  of  R,  you  need  to  calculate  ^ I Ft  i ip,  Spelling 
that  out  In  let  ms  of  components  gives  you  the  following: 
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Duing  the  math,  vou  yet 
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So  (lie  expectation  value  of  a roll  ol  the  dice  is  7,  Now  you  can  see  where  the  terms 
bra  and  bet  come  Irom  ~ they  'bracket"  an  operator  to  give  you  expectation 
values,  In  fact,  the  expectation  value  Is  such  a common  thin 5 to  llnd  that 
you’ll  olten  find  <y  I Rh|i>  abbreviated  as  ■cR?,  so 

<R>-7 


An  Operator  A is  said  lu  be  tinew  il  it  meets  the.  iuJ3ovviny  condition: 


Afc  ( I y * + I y = C | A I + CvA  I y :- 


For  instance,  the  expression  io><y  l is  actually  a linear  operator.  To  see  that, 
apply  l<n><wl  toaket,  ljr>i 


v ><  y 


X 


You  can  also  write  this  as 


The  expression  'ey  1 3^  is  always  a complex  number  [which  could  be  purely 

real},  so  this  breaks  down  to 

* 


where  c Is  a complex  number.  Thus,  lo><y  Is  Indeed  a linear  operator. 


The  Hermit  ion  adjoint «—  also  called  ihe  adjoini  or  Hanwit\<in  conjugate  — of 
an  operator  A is  denoted  Ah  To  find  the  hermetian  adjoint,  lollosv  these 
■s  teps: 


complex  const ants  with  llwJr  c 

ihp  Hermit  ian  adjoint  ot  a complex  number  is  the  complex  conjugate  of 
that  number: 

t ‘ 

a ■ a 
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Replace  tel*  with  Ihelr  corresponding  bras,  jukI  replace  bres  with 
their  corrc*nond  ing 


You  have  io  exchange  the  bras-  and  kets  when  finding  the  tfermitl-an 
adjoint  of  an  operator,  so  finding  the  Ffermitlan  adjoint  of  an  operator  is 
not  just  l he  same  as  mathematically  finding  its  complex  conjugate. 

▲ it*  _ %*-a 

1 Rep  Lice  operators  with  their  Hennitinn  operators. 


Ji]  cjuDJiluiiL  mechanics,  Operators  I hat  are  equal  to  I h eir  Hermitimi 
j.  cl  jo  li'i  ts  are  called  tt&rmttfui\  Qp£rfxlGi  s.  In  other  words,  an  operator  is 
MennitLan  if 


HurniitiatL  operators  appear  throughout  the  book,  arid  t ] j ey  havospe- 

eiaS  properties.  For  instance,  the  matrix  that  represents  k.1  luhl  may  be 
diQgtoi&liMd  — that  is,  written  so  that  the  only  nonzero  elements  appear 
along  the  matrix's  diagonal.  Also,  the  expectation  value  of  a I [emsitian 
operator  is  .guaranteed  to  be  a real  number,  not  complex  (>ee  the  earlier 

section  "1  expected  that;  Finding  expectation  values"). 

4.  Write  your  finnl  crpiallnn. 


Here  arn  .Rome  relationships  rnnrnnmng  Hermitian.  adjnints: 


The  measure  of  ho^  different  It  Is  to  apply  operator  A and  Mien  B,  versus  B 

and  thfin  A,  is  calLrid  the  opernTnrs'  cowimjjftnJ'o;;  Here's  hnw  you  define  the 
nommu Intor  nf  operators  A and  B: 


[A.  \i]  = Ahl  - I3A 


Copyrighted  material 


Two  operators  commute  with  each  other  If  their  commutator  Is  equal  to  zero. 
That  is,  It  doesn't  make  any  difference  In  what  order  yon  apply  them: 

I A.  B | = o 

Note  in  particular  that  auy  operator  cunuitulcs  with  itself: 


[A.  A]  = « 


And  It's  easy  to  show  that  the  commutator  of  A,  B Is  the  negative  of  the  com- 
mutator ol  B,  A: 

\K  R J - -[  Rr  A] 

It’s  also  true  that  commutators  are  linear — that  is,  A(Cjlv>  - c-Jv*)  = c,Aiy» 

- c.,AI 

J 

[A.  B ♦ C + D - ...]  = [A.  D]  * [A.  CJ  ♦ [A.  D]  + ... 

And  the  Hermit ian  adjoint  of  a commutator  works  this  way: 

[a,  b|  .[b’.A1] 


You  can  also  find  the  anticommntator,  fAr  B|: 

■ ■ 

(A.  B]  = AB  + BA 


Here's  another  one:  Wlial  can  you  say  about  the  I [ermitian  adjoint  ol  the  com- 
mutator ol  two  I [erniitiaii  operators?  Here's  the  answer.  First,  write  the  adjoin L: 


The  definition  ol  nomirmtatorji  tells  you  thn  following: 
[a,  ti]r  = f AB  - BA  ] 1 


You  know  (AB)*  = BW  (see  the  earlier  section  "Going  Herm  Ilian  with 
Hermltian  Operators  and  Adjoinls"  for  properties  of  adjolnts),  Therefore, 
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Blit  for  Hermltlan  operators,  A « AT,  so  remove  the  * symbols: 

[a,  d]r  = | AB-HA'i'  = ll'Ar  - A'B”  =BA-AU 
But  BA  - Afl  is  just  -[A.  B],  su  you  have  the  iulknvirLj*! 

[ * dT  .4  k b] 


A and  R here  are  Hermltlan  operators-.  When  you  take  the  HermLUari  adjoint  of 

an  expression  and  jjet  the  same  IhlnjK  back  with  a negative  sign  Ln  Iront  of  il. 
the  expression  Is  called  anU-Hemition,  so  the  commutator  of  two  Herniltian 
operators  Ls  anti-Hermiitian,  (And  by  the  way,  the  expectation  value  of  an  antL- 
Huniiiliaii  operator  is  jjuarariteed  to  bn  Loitiplelely  ima^rLaiy.} 


If  you've,  read  through  the  last  few  sections,  you're  now  armed  with  all  this 
new  technology;  Hermit  ian  operators  and  commutator^  How  can  you  put  it 

tn  work'.  Voii  can  rome  up  with  the  Hnisenbfirpf  mcFtr tninly  relation  slartin^ 
virtually  from  scratch. 

■VI 


Here's  a calculation  that  lakes  you  from  a few  basic  definitions  to  the 
Heisenberg  uncertainly  relation.  This  kind  of  calculation  shows  how  much 
easier  il  is  to  use  the  basis-less  bra  and  kel  notation  than  llie  full  matrix  ver- 


sion of  state  vectors.  Tills  isn't  the  kind  of  calculallon  that  you'll  need  to  do 
in  class,  but  follow  it  through  — knowing  how  to  use  kets,  bras,  commula. 
tors,  and  Hermit  Ian  operators  Is  vital  In  the  coming  chapters, 


The  linr  ertainty  in  a measurement  of  the  Hermitian  operator  named  A Lr  for- 
mally given  hv 


That  is,  JA  is  equal  la  the  square  root  of  the  expectation  value  of  A-  minus 
the  squared  expectation  value  of  A,  ft  you’ve  taken  any  math  classes  that 
dealt  with  statistics,  this  formula  may  be  familiar  to  you.  Similarly,  the  uncer- 
tainty In  a measurement  using  Hermltlan  operator  R Is 
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Ncrw  cons  icier  rtiF  upprators  iA  and  AB  (nor  the  uncertaiEiTins  aA  and  AlJ  any- 
more), ffc e l c 3 assume  that  applying  aA  and  AES  as  operators  ghvii  you  measure- 
mml  values  llku  this: 

;\A  = A - < A > 

AB  -B* r-.  B 


Like  any  operator,  using  AA  and  AES  can  result  in  new  kets: 


Here's  the  key:  The  Schwarz  ine^  utility  (from  the  earlier  section 
Understanding  .some  relationships  using  kets")  gives  yon 


So  you  can  see  that  the  inequality  si^n,  winch  plays  a big  part  in  the 
Heisenberg  unccrtaiEity  rclaliun,  has  already  Crept  inlet  the  calculation. 


Because  iAand  aB  are  HermiUan,  <x\x* equal  to  ^ i aA"  and  l<f->  is 
equal  lo  up  I AE  y*.  Because  AA1  - AA  (Ihe  dclitVitiun  ol  a Herniitian  operator), 
vou  can  see  that 


AAlAA 


I his  KiL'iuis  that 


A A "AA 


That  is,  I SC-’  is  eqi.Jfil  to  *AA->  and  14)  ^ is  etuwl  to  ^AEi-v.  So  you  can 

rewrite  rhs  Schwarz  inequality  like  This; 


*AA?XAB:>> 


< aaab> 


Ofeav,  where  ha&  this  gotten  you?  Its  time  to  be  clever.  Note  that  you  can 


write  aaab  ns 


AAAll  = ^AA,  ABjfi. 
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Here,  (aA,  Ah]  ™ aAaB  * A BAA  Is  the  anticonumitarDr  dF  tht*  cji-Eratgrs  a A and 
AI3.  because  [aA,  Ali]  = [A,  ISJ  (the  constants  *A*  aud  -=Li>  subtracr  Out),  you 
can  rewrite  tills  equation: 

AAAB  = [AA,  AB] 


Here's  where  Ihe  math  yet  s Intense.  Take  a look  at  what  you  know  so  far:: 


v*  The  commutator  oF  two  He vm Itian  operators,  [A*  R\  Is  anti-Hermlt(an, 
v*  The  expectation  value  dF  an  anti-Herniitiaii  is  imaginary. 
v*  ijiA,  AliJ  is  HencLitian. 

v*  The  expectation  value  of  a MennitLan  is  real. 


AIJ  this  means  that  you  can  view  the  expectation  value  ol  the  equation  as  the 
sum  of  real  ({a A,  ABQ  and  imaginary  ([A,  Bf)  parts,  so 


aAaR  > 


= l|<[A.Rl>f+l|{iSA.AR 


And  because  the  second  term  mi  the  rigjjhE  is  pos-itivc  or  zero,  you  can  say 
tlial  the  following  is  true: 

<AA4B»|!ft-||<  [A.  Bj 


Whew’  Rut  now  compare  this  equation  to  the  relationship  From  the  earlier 

use  of  the  Schwarz  inequality; 


< AA* 


<BAAA 


Combining  the  two  equations  ttives  yon  tills: 


This  has  the  look  of  the  Heisenberg  uncertainty  relation,  except  for  the  pesky 
expectation  value  brackets,  *.  ?j  and  the  Fact  that  aA  and  aK  appear  squared 

here.  Von  want  to  reproduce  the  Heisenberg  uncertainty  relation  here,  which 
Innks  like  this: 

^•P  - | 
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Qfcfiy^  sn  how  dm  you  get  The  laSt  .sULr  dF  the  equal  ion  Irom  -=AA^><aH->  to 
A.AiU?  because  an  earlier  equation  tells  you  that  iA  = A - yon  know  the 
following: 

■=:  AA*  > = < A J4  < A >4  - 2A<A--* 


Taking  1 1 1 l:  expectation  value  o f (he  last  term  in  this  equation , you  yet  this 
result: 

< AA 2 > *=  < A 2 + A >s  - 2A-=A»  = < A 2 > - < A >* 


Square  Ihe  earlier  equation  A A = ( 


- t A-- 'J 1/2  to  get  the  following: 


And  com paring  that  equation  to  the  before  it,  you  conclude  that 


<&A*  >sAA 


Cool  That  ie.su It  means  that ' ^ " 4 h C * J] " ! becomes 


AA’  AB 


This  inequality  at  last  mean*  thai 


AAAB  £ 


iK*8!* 


Well.  well.  well.  So  the  product  ol  two  uncertainties  is  greater  than  Or  equal 
to  ’/s  the  absolute  value  ol  the  commutator  el  their  respective  operators? 
Wow.  Is  that  the  Heisenberg  uncertainty  relation?  Well,  take  a look.  In  quan- 
tum mechanics,  the  momentum  operator  looks  like  this: 


P = - ih  V 


And  the  operator  for  the  momentum  in  the  * direction  is 


V 

3 r.Lv 


£0  w Hal's  (tin  fmmmLilalo-r  of  the  X oponitmr  (which  just  returns  ihe  jr  posi- 
tion of  a particle)  and.  P;?  |X,  ^ | = -tfi,  .ho  from  dAiB  > -A  <[a,  b]|>|.  yolijJeT 
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this  next  equation  (rein ember,  ix  ami  Aj?  ttnr-e  are  tht  usicerTaioiliE*  in  x and 

A 

. iiot  I tie  Dpcralor^): 

Hd  doy!  That  is  the  Heisenberg  uncertainly  relation,  (Notice  that  by  deriving 

it  Emm  scratch,  however,  you  haven't  actually  constrained  The  physical  world 
through  the  Lise  of  aljsrrnct  mathematics  — you've  merely  proved,  using  a 
Few  basic  assumptions,  that  you  can't  mttassnv.  Hlc  physical  world  witli  per- 
fect accuracy.) 


As  you  know  if  you've  been  following  along  In  this  chapter,  applying  an  oper- 
ator to  a ket  can  result  in  a new  ket: 


To  make  things  easier,  you  can  work  with  eigenvectors  and  eigenvalues  fpigpn 
Is  German  for  “innate"  or  ’‘natural").  For  example,  I y>  Ls  an  eigent wftr  ol  the 
operator  A il 


v*  The  number  0 is  a corn  pics  constant 


= a 


Mote  what's  happening  here:  Applying  A to  one  of  its  eigenvectors,  -rp>.  gives 
you  >>  back,  multiplied  by  that  eigenvector’s  eigenoaiue , <2, 


Although  0 can  be  a complex  constant,  the  eigenvalues  of  Hermitlan  opera- 
tors are  real  numbers,  and  their  eigenvectors  are  orthogonal  (that  is,  rqfl  +.■» 

1 H 

=«)- 


Casting  7]  problem  in  rprms  ol  fliypnvcf  tors  .in  cl  eLy^nvpjJnss  can  make.  life  a 

lot  easier  because  applying  die  operator  to  its  eigenvectors  merely  gives  you 
the  same  eigenvector  back  again,  multiplied  by  its  eigenvalue  — ‘there'’*  no 
pesky  change  of  state,  so  you  don't  have  to  deal  with  a different  slate  vector. 
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Take  a look  at  this  Idea,  using  the  R operator  from  rolling  the  dice,  which  Is 
expressed  this  way  In  matrix  form  {see  the  earlier  section  Hl  expected  that: 
Finding  expectation  values"  for  more  on  this  matrix): 

Jt* 
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Tlte  R operator  works  in  1 l-dinien$ional  space  and  is  Elennilian.  so  there  LL  he 
1 1 orthogonal  eigenvectors  and  1 1 corresponding  eigenvalues. 

Because  R Is  a diagonal  matrix,  finding  the  eigenvectors  is  easy.  You  can  take 
unit  vectors  in  the  eleven  different  direcikms  as  the  eigenvectors..  Here's 
what  the  first  eigenvecior,  would  look  like: 


l 

ft 

0 

0 

0 

(l 

0 

0 

ft 

Cl 

0 
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And  here's  wliat  the  stroin  Eigenvector,  c.„  would  Look  like: 

= 

l 

0 

0 

0 

0 

0 

0 

0 

0 

And  so  on,  up  lofcN; 

= 

0 

0 

0 

0 

0 

to 

to 

to 

to 

1 

Note  that  all  the  eigenvectors,  are  orthogonal. 

And  the  eigenvalues?  They  're  the  numbers  voa  gel  when  you  apply  the  R 
operator  to  an  eigenvector.  Because  the  eigenvectors  are  just  unit  vectors  in 
all  L I dimensions,  the  eigenvalues  are  the  numbers  on  the  diagonal  of  the  R 
matrix:  2,  3,  4.  and  so  on,  up  to  12. 
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The  eigenvectors  ol  a Heirnltlan  operator  define  a complete  set  of  orthonormal 
vectors™  that  Is,  a complete  Ink  Is  for  the  state  space.  When  viewed  In  this 
"eigenbasks,"  which  is  bunt  of  the  eigenvectors,  the  operator  in  matrix  format  is 

diagonal  And  the  elements  along  the  diagonal  of  the  matrix  are  the  eigenvalues. 


Tills  arrangement  is  one  oF  the  main  reasons  working  with  eigenvectors  is  so 
useful;  your  original  Operator  uiay  have  looked  something  Like  this  (Wo  1c:  Bear  in 
mind  that  the  elements  iii  an  Operator  can  also  be  luhctions.  not  just  numbers): 


R = 
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By  switching  to  the  basis  of  eigenvectors  For  the  operator,  yon  diagonalize 
the  matrix  info  something  more  like  what  you’ve  seen.  which  is  much  easier 
to  work  With: 


rt  = 


200000  000000-011  Cl 000 00  DO 


03000000000 

OOlOOflflOOOO 

0 0 0 !i  0 0 fl  0 0 0 0 

000060  0 0000 
0 0 0 U 0 7 0 0 0 i)  U 

000000  & 000  0 
0000000900D 


00000000  100  0 

ooo  o ooo  oo  no 

o o o n o ooo  o o vi 
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You  can  see  why  the  term  eigen  Is  applied  to  eigenvectors  — they  form  a 
natural  basis  for  the  operator. 


If  two  or  more  of  the  eigenvalues  are  the  same,  that  eigenvalue  Is  said  to  be 
dsflerKvafe,  So  for  example,  ir  three  eigenvalues  are  equal  to  6?  then  the  eigen- 
value G is  threefold  degenerate. 


Here's  another  cool  thing:  If  two  Hermit ian  operators,  A.  ami  B,  commute,  and 
ii  A dues  n't  have  any  degenerate  eigenvalues,  then  each  eigenvector  u!  A is 
also  an  eigenvector  of  B.  (Sec  the  eariicr  section  “Forward  and  Backward: 


Finding  the  Commutator  for  more  on  commuting.) 


So  given  an  operator  in  matrix  Form,  how  do  you  find  Its  eigenvectors  and 
eigenvalues?  This  is  the  equation  you  want  to  solve; 


A 


Attd  you  can  rewrite  this  equation  as  the  following: 

|A-at]  ^>  = 0 

* ■ JT  I 


i r-Eprejinnfa  the  identity  isistriK,  with  Is  .il«nn^  its-  diagonal  and  (hs  otherwise: 
f = 

l Q 0 0 0 0 0 0 0 0... 

I 

(t  i n o o o n o o o,J 

ooioooooo  o... 

(ft  U U 1 0 (ft  U U I)  (».„ 

(ft  0 0 0 I 00  0 0 0,.. 

(ft  0 Ll  0 0 1 000  0... 


The  solution  to  (A~.nl)  lip>e  0 exists  only  if  the  determinant  of  the  matrix  A - 
q\  Ls  0: 

det(A  - nl)  = 0 


47 
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Finding  eigett  fat  ties 

Any  values  of  q Lliat  salis-fy  the  equation  det(A  -tri)  = 0 are  eigenvalues!  of  the 
original  equation,  Try  to  find  the  eigen  values  and  eigenvectors  ol  the  follow- 
ing matrix: 

A,"’ 

2 -4 


First,  convert  the  matrix  into  the  form  A - ol: 


A - a!  = 


-1  — Ci  -I 

2 -4-0 


Next.,  find  the:  determinant: 

rlet(A  — oil  = {-I  - iri)(— 4 -u)  •+  2 

■ m <.* 

dct(A— al)  = rt-  + - 6 

And  this  can  be  lactored  as  follows: 


det(A  - ol)  k a~  + 3a  * 6 ■ (a  -•  2 )(o  + 3) 


Yon  know  that  det(A-  nl)  - 0,  so  the  eigenvalues  of  A are  the  roots  of  this 

Rqnatlon;  namely,  n.  = -2  and  ra.>  = -3, 


Finding  eigenvectors 

How  about  finding  the  eigenvectors?  To  find  the  eigenvector  corresponding 
to  rt  Oee  the  preceding  section)*  substitute  a.,  — the  11/st  eigenvalue,  -2  — 
Into  Ihe  matrix  In  the  form  A - al: 


A— ot 


-l-«  -I 
2 -A-a 


A-dl  = 


i 

Z 


So  you  have 


1 -1 

3 

0 

2 -1 

% 

0 
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BetFHJSfc  every  row  dF  this  cuaTrix  equal  ia]i  nus!>t  he  true,  you  know  rLiat  y,  = 
ijj.h _ And  rEsat  tcuzans  shat,  ngj  ro  an  arbitrary  constant,  the  eigenvector  corn:- 

I |*S 

spuiLdiruf  to  tr  is  the  lollowiuif: 

c 1 
1 

Drop  the  arbitrary  constant,  and  Just  write  tills  as  a matrix; 

l1 

i! 

How  about  the  eigenvector  corresponding  to  oJ  Plugging  aL„  -3,  into  the 
malrto  In  A -cl  form,  you  get  the  following: 

A-u[42  -l 

2 -L 

Then  you  have 


2 

-l  Vj 

= 0 

2 

-i  V* 

0 

So  -y.  = 0.  and  ^ = \y  + 2,  And  that  means  that,  up  to  on  arbitrary  con- 
stant, the  eigenvector  corresponding  to  (I,  is 

r 1 
2 


Drop  the  arbitrary  constant.* 

1 

a 

't 


So  the  eigenvalues  of  Hus  next  jiiatrix  operator 

A=-i  -t 
2 -1 
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are  <2,  * -2  and  a.,  a -3,  And  the  eigenvector  corresponding  to  a.  Is 
V 

l1 

Tilt  eigeuvector  turn's  ponding  to  a is 

l 

■> 


Applying  the  inverse  of  an  operator  undoes  the  work  the  operator  did: 


A-'  A = AA-1 


9 


Sometimes,  finding  the  inverse  ol  an  operator  Is  helpful,  such  as  when  you 

want  to  solve  equations  like  Av  = >■_  Solving  for  jr  la  easy  iE  you  can  find  the 

j ■ 

Inverse  of  A:  jr  = A"ly. 

w 

Howevex.,  finding  tin?  invprsp  ni  .1  Innjc*  matrix  ollen  isn't  p n s y F so  quantum 
physics  calculations,  are  sometimns  Limited  to  working  with  unitary  oppra- 
tcr.s,  U.  whern  rtip  opprafor  r inverse  is  Equal  to  ils  adjoint,  [ ' 1 = UK  (To  find 

the  id  joint  or  an  operalor  A.  you  find  the  transpose  by  inlerdumghig  the 
rows  and  columns,  AT  Then  lake  the  complex  conjugate^  A1’  = A .)  Tills  gives 
you  Hie  following  equation: 


UfU-UUt-l 


The  product  of  two  unitary  operators.  U and  V.  is  also  unitary  because 


When  you  use  unitary  operators,  kels  nnd  bras  IransEurm  tills  way: 


\ff  > = U 


V> 


yp  > a ^ \p 


U 


at 
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And  you  can  transform  other  operators  us  lay:  unitary  operators  Lite  this: 
A'  = UAH  ’ 


Note  that  the  preceding  equations  also  mean  the  following 


y>  = U! 


V 


< V 


= < v 


i? 


v*  A = WAV 


Here  arc  some  properties  of  unitary  transformations: 


If  an  operator  Ls  H^rmitlftn,  then  ils  unit-ary  transformed  version.  A'  = 
UAUT,  is-  flbo  Hormitlan, 

p"  The  eigenvalues  t?F  A and  its  unitary"  transformed,  version,  A = IJAIJt,  3 re 

the  same. 


Disutility  tors  that  are  equal  to  complex  numbers  arc  uncha 
Lary  Iransiomiations:  [A',  B']  = [A,.  Bj. 


by  uni- 


Wcmur  Heisenberg  developed  the  jnnlrix-orienterl  view  of  qnanTum  physics 
th At  ynn've  been  using  so  Ear  in  this  chapter.  It's  snm-etimes  c ailed  mtitoix 
jjjer/jtjrrrr.T.  The  flnatrix  repr^sentalicm  is  fine  for  many  problems,  but  some- 
times you  have  to  go  past  it.  as  you’re  about  to  see. 

One  cil  the  central  problems  of  quantum  mechanics  is  to  calculate  the  energy 
Levels  of  a system.  The  energy  operator  is  called  the  Hamitiiankuh  H,  and 
finding  the  energy  levels  of  a system  breaks  down  to  finding  the  eigenvalues 
of  the  problem: 


Elere,  E is  an  eigenvalue  of  the  \l  operator. 


51 
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Part  I:  Small  World,  Huh?  Essential  Quantum  Physics 


Here's  the  same  equation  In  matrix  terms: 


det  H , - f: 


i - r 


1 . It 


The  allowable  energy  levels  of  the  physical  system  are  the  eigenvalues  F„ 
That's  fine  if  you  have  a discrete  basis  of  eigenvectors  — if  the  number  of 

energy  states  is  finite.  But  what  if  l he  number  of  energy  states  is  Infinite?  In 

that  case,  yon  can  no  longer  nse  a discrete  basis  for  vnur  operators  and  bras 

» ' 

acid  ktrts  — you  usu  a cwtiimvjii*  basis. 


Representing  quantum  mechanics  in  a continuous  basis  is  an  invention  of  the 
physicist  Erwin  Sell  rftdinger.  In  the  continuous  basis,  summations  become 
integrals.  For  example,  take  the  following  relation,  where  E is  the  identity 
matrix: 


It  becomes  the  following: 


And  every  kef  I ip*  can  be  expanded  In  a basis  ol  other  kets.  I$n>.  like  this: 


Take  a look  at  the  position  operator,  R,  in  a continuous  basis.  Applying  this 
operator  gives  you  r,  the  position  vector: 


R 


ty> 


m 
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Chapter  2:  Entering  the  Matrix:  Welcome  to  State  Vectors 


In  this  equation,  applying  the  position  operator  to  a state  vector  returns  the 
locations,  r,  that  a particle  may  he  found  at.  You  can  expand  any  ket  In  the 
position  basis  Like  ihls: 


And  this  becomes 


Here's  a very  Important  (hlntf  to  understand;  y(r)  =■  *r  5s  the  twu?e  function 
For  the  state  vector  — if 5 the  kefs  representation  Inihe  position  basis. 
Or  in  common  terms,  It’s  ]usl  a Function  where  the  quantity  I ylVH-tf-r  re  pre- 
sents (hp  probability  that  thp  panicle  will  he  found  in  The  region  rfVa(  r. 


The  wave  function  La  the  loundation  of  what' s called  mEchanic^  as 

oppos-ed  to  matrix  mechanics.  Wliat's  important  to  realize  is  that  when  you 
talk  about  representing  physical  systems  in  wave  mechanics.,  you  don't  use 
the  basisdes-s  bras  and  kets  of  matrbt  mechanics:  rather,  vou  usuallv  use  the 
wave  function  “that  Is.  bras  and  kels  in  the  position  basis. 


Therefore,  you  tfo  From  talking  about  I fo  -:rl  y>r  which  equals  y(/),  This 
wave  function  appears  a lot  in  the  cominjj  chapters,  and  it's  Just  a ket  in  the 
position  basis,  $0  in  wave  mechanics,  H I yv  = t ^ hecomns  the  fol  lowing: 


< r 


H > = 


You  can  wr Ite  this  as  the  following’ 

< r|H  \p>m  E^| rj 


But  what  is  <r  1 1 y>?  It’s  equal  to  The  1 lam  i I Ionian  operator.  1 1,  is  the 
total  energy  of  the  system,  kinetic  plus  potential  (V(>))  you  yet  the 

Following  equation: 
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But  the  momentum  operator  Is 


TJitfrduro.  sutifitilutiujf  the  momentum  operator  lor  p pivts  you  tJlis: 


H=  n 

D* 

+ f, ' 

2/n 

, rJtl* 

dv 

J 

t.rsinjj  the  UpUcian  operator  yon  j^et  this  equation: 

w 


You  ran  rewrite  this  eciLinlign  ris  the  following  (called  t h f;  Schmrfin^p ? ■ P.7J union) : 

mm  u. 


J4^(r)  + V|r)vv[r)=E^(V) 


So  iji  the  wave  in  e c h a cl i c s view  ot  q u a n t u m physics,  you’re  now  working  with 
a differential  equation  instead  ot  multiple  matrices  ol  elements.  This  all  came 
from  working  in  the  position  basis,  y(r)  ™ -*ri  v:’  instead  ol  just  I 


The  quantum  physics  In  the  rest  ol  the  book  is  largely  about  solving  this  dif- 
ferential equation  for  a variety  of  potentials,  V(r>,  That  5*.  your  Focus  Ls  on 

■ ■ ■ 

Finding  the  wave  function  i har  satisfies  The  Schrodintfer  equation  For  various 
physical  systems.  When  you  solve  the  Schrodingcr  eq  tuition  lor  you  can 
Find  thp  allowed  energy  states  for  a physical  system,  as  well  as  Mle  probabil- 
ity that  the  system  will  he  in  a certain  position  state. 


Note  that,  besides  wave  tune  Lions  in  (he  position  basis,  you  can  also  give  a 


wave  function  in  the  momentum  basis,  vffO-  *>r  in  any  number  of  oilier  bases. 


The  Heisenberg  technique  ot  matrix  mechanics  Is  one  way  of  working  with 
quantum  physics,  and  It’s  best  used  for  physical  systems  with  well-defined 
energy  states,  such  as  harmonic  oscillators.  The  Schuldlnger  way  of  looking  at 

things,  wave  mechanic,  iises  wave  Functions,  mostly  in  the  position  h<isis,  to 
reduce  questions  in  quanlnm  physics  to  a diEEerential  equation. 
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Part  II 


The  5 t(l  Wav  e By  Rich  Tennant 


^ Alomj  vritk  'Antimatter/'  and  'Iterk  tetter;1 
vre've  recently  discovered  the  existence  of 
"Doesn^t  ‘t-lail^r;1  Wkick  appears  to  have  no 
effect  an  ike  universe  vAatgoevfcr/ 


his  port  is  where  y on  tfet  the  lowdown  on  one  ol  quon- 

tLiEti  p 1 Favorite  topics:  solving  the  energy  Levels 

arid  wave  functions  Fur  particles  trapped  icc  various  bound 
states.  For  example.,  you  may  have  a particle  I rapped  in  a 
square  well.  which  is  much  tike  having  a pea  in  a ho>;.  Or 

you  may  have  a particle  in  harmonic  oscillation.  Quantum 
physics  is  expert  at  handling  those  kinds  ol  situations. 
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Jit  FlW>  Cfafyrter 

Understanding  potential  wells 

Working  with  Infinite  square.  wetLs 

Uete  running  energy  Icwels 

Trapping  particles  with  potential  barriers 

1 landling  Iree  particles 


hat  i that,  Las-tie?  Stuck  in  un  energy  well?  Go  gut  help!  Ul  this  chap- 
ter, you  get  to  see  quantum  physics  at  work  solving  problems  in 
one  dimension.  Yon  see  particles  trapped  5ti  potential  wells  and  solve  tor  the 
allowable  energy  states  using  quantum  physics.  That  goes  against  the  grain 
In  classical  physics,  which  doesn't  restrict  trapped  particles  to  any  particular 
energy  spectrum „ But  as  you  know,  when  the  world  gets  microscopic,  quan- 
tum physics  takes  over. 


Tha  equation  of  rhe  moment  is  theSchrodinger  equation  (derived  in  Chapter  2), 
which  lets  you  suJyr  Er^r  (he  wave  fiuidicm,  and  thn  Energy  levels,  i L\ 


Ayfr)-V>jV(r)  = h>(r) 

* f ’ "■  r*l  I ■"  "■  I 


A squaw  dr.'efl  is  a potential  (that  is.  a potential  energy  well)  that  Forms  a 
square  shape,  as  you  can  sec  m I'igurc  3-1. 
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The  p-uLcjitioL  Dr  V{_v) . jjous-  tu  itLEacLlky  alAr  = 0 and  .v  ^ 
liku  1 1 LUd : 


<i  (Where  a"  h distance.). 


Ip-'  V(_0  = «■'.  where:  a-  -:  0 
V<>)  = 0.  where  0 < x £ u 
* V(x)  ■=  where Jf  > a 

Using  square  wells,  you  can  trap  panicles.  H you  put  a particle  Into  a square 
wefl  win i a limited  amount  of  energy  h it'll  be  trapped  because  it  can’t  over- 
come (he  infinite  potential  at  either  side  of  the  square  well-  Therefore,  the 
particle  has  to  move  inside  Ittc  sq  u ar  c well. 

So  does  the  particle  just  sort  o(  roll  around  on  the  bottom  of  the  square  well? 
Not  exactly.  The  particle  is  in  a bound  state,  and  its  wave  function  depends 
on  its  energy.  The  wave  function  isn't  complicated: 
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So  you  have  the  allowed  wave  [uncilons  lor  the  stales  rj  « 1,  2*  3,  and  so  on. 

The  energy  oE  the  allowable  bound  .stales  are  fjlven  by  the  following  equation; 

E rt  = 1,  2.  3 ... 

2 m<t 1 

The  re^t  oi  this-  chapter  shows  y p i l how  |o  sohr-e  problems  like  one, 


Take  a look  at  the  potential  in  Figure  J-2*.  Mo  Lice  the  dip,  or  weii,  in  the:  poten- 
tial, which  means  lhat  parLicle-s  can  be  trapped  in  SI  if  they  don't  have  too 

much  energy, 

The  particle's  kinetic  energy  summed  with  Its  potential  enerjjyis  a constant, 
eqngl  tn  its  total  energy: 


4 V = E, 


If  its  tots]  Energy  is  Less  than  V ( . rtie  pnrt  icLn  will  be  IrnppEd  in  the  potentinl 
well,  you  .see  ill  figure  $-2;  to  get  oliI  ul  ttie  well,  lhe.  paniclE^  kinelic  ennrgy 

would  ha-.re  to  become  negative  Lo  satisfy  llte  equation,  which  is  impossible. 


Figure  3-2: 

A pat&niial 


Part  II:  Bound  and  Undetermined:  Handling  Particles  in  Bound  Stntes 


In  this  section,  you  take  a look  at  the  various  possible  states  that  a par' 
tide  with  energy  E can  take  In  the  potential  given  by  Figure  3-2,  Quantum* 
mechanically  speaking,  those  states  are  of  two  kinds  — bound  and  unbound. 

This  section  looks  ai  them  in  overview. 


Hound  states  hap-pcn  wlinn  the?  particle:  isn't  Ir^e  10  travel  to  infinity — it's  as 
simple  -iLj  that.  In  other  worth,  I be  particle  is  cunlined  to  the  potential  well. 


A panicle  I raveling  in.  the  potential  well  you  ^ee  in  Figure  3-2  is  bound  LI 
its  energy,  E.  is  less  than  both  V.  ajid  Vs.  la  that  case,  the  particle  moves 
between  a-,  and . r, . A particle  trapped  in  such  a well  is  represented  by  a wave 
function,  and  you  can  solve  the  SchrGdinger  equation  for  the  allowed  wave 
functions  and  the  allowed  energy  stales,  You  need  to  use  two  boundary  con- 
ditions (the  Schrodinaer  equation  Is  a second-order  differential  equation)  to 
solve  the  problem  completely. 


■ 

■t 


bi 

L' 

j 

Bound  states  nre  disrr p/f?  — that  is.,  they  form  an  enenjy  spertnjm  of  discrete 
p.tifirijy  Levels.  The  Schrodinger  equation  gives  yon  thns-R  stntRS.  In  addition, 

in  one-dimensional  problems,  the  energy  levels  ot  a bound  state  are  not 
degenerate  — that  is,  no  two  energy  levels  are  the  same  in  Hie  entire  energy 
spectrum. 


Escaping  from  potential  Welts 

If  a particle's  energy,  E,  Is  greater  than  the  potential  V,  in  Figure  3-2.  the  par- 
ticle can  escape  from  the  potential  well.  There  are  two  possible  cases: 

V,  E.  < V.  and  K.  v V ,.  This  section  looks  at  them  separately. 

Case  7;  Energy  between  the  two  potentiate  (V}  < E < V2) 

If  V.,  * E < V2,  the  particle  in  the  potential  well  has  enough  energy  to  over- 
come l he  barrier-  on  the  left  but  not  on  the  right.  The  particle  Is  thus  free  to 
move  to  negative  Infinity,  so  Its  allowed  x region  Is  between  -»and 

Here,  the  allowed  energy  values  are  continuous,  nor  discrete,  because  the  par- 
tide  i5n 'I  completely  hound.  The  finerijy  eigenvalues  are  rot  degenerate  — 
that  is,  no  two  energy  eigenvalues  are  the  same  (see  Chapter  2 for  mnrn  on 
eigenvalues). 


The  Schrfrdinger  equation  is  a second-order  differentia]  equation,  so  it  has 
two  linearly  Independent  solutions;  however,  In  this  case,  only  one  of  those 
solutions  Is  physical  and  doesn't  diverge, 
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The  wave  equation  In  this  case  turns  out  to  oscillate  for  x x2  and  to  decay 
rapidly  Fo  rx*x+. 


Case  2:  Bier greater  than  the  higher  patent iat  f£  > 

If  E ^ V^.  the  particle  isn't  bound  at  all  and  i&  tree  to  travel  froin  nejjative  iniiis- 
ity  to  positive  infinity. 


The  energy  spectrum  Is  continuous  and  the  wave  Function  turns  out  to  he  a 

sum  of  a Function  moving  to  the  right  and  one  moving  to  the  leFl,  The  energy 
levels  of  the  allowed  spectrum  are  therefore  doubly  degenerate. 

That's  all  the  overview  you  need  — time  to  start  solving  the  Skhrodlnger 
equation  For  various  different  potentials,  starting  with  the  easiest  of  all:  infi- 
nite square  wells. 


Infinite  square  wells,  in  which  the  walls  go  to  Infinity,  are  a favorite  in  physics 
problems,  You  explore  the  quantum  physics  take  on  these  problems  In  this 

section. 


Take  a look  at  the  infinite  square  well  thal  appears  back  in  Figure  3-1.  Here's 
what  Lhat  square  well  looks  like: 


I o'  V(»  «=  co,  where  x <■  0 
t"  V {x~)  * 0,  where  0 <x<o 
p-'  V(x)  - w h ere  x <i 


T he  Schrtidmt^r  equation  looks  like  this  in  three  rUmeiiFuniis: 


-Sr 

2m 


Auy(rj*V|V)v{r)eE^l.f} 


Wtltlngout  the  Schrod  Inger  equal  Ion  gives  you  the  foil  owing: 


-Sti  a:  _£_  _ai 

2m  l 3.7  V 3z 2 


^|ir)+  V{rj^(r)  = E^[r) 
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Part  II:  Bound  and  Undetermined:  Handling  Particles  in  Bound  States 


You're  Interested  In  only  one  dimension  — ,t  (distance)  — In  this  chapter,  so 
the  Schrddlnger  equation  looks  like 


-ft*  dJ 


2m  dx 


r « ■ ijij  v ■ 


Because  V(>)  = 0 inside  the  w ell,  the  equation  becomes 


- ft"  d 
2m  dx 


Ami  in  problems  oE  this  sort,  the  equation  is  usually  written  as 


where  *■ 


(ft  Is  the  wave  numberi 

a'  - * 


So  now  you  have  a second-order  differential  equation  to  solve  for  the  wave 
function  ol  a particle  trapped  In  an  intintte  square  well. 


You  get  two  Independent  solutions  because  this  equation  Is  a second-order 
differential  equation: 


Yi&0  = A siuCftjr) 

= U C i_l 5 f ri . V) 


A mid  B are  constants  that  are  vet  to  he  determined. 

j-: 

The  general  solution  of  -2— 

i|i(.r)  - A sln(JV.v)  i B cos(fcr) 


The  equation  ^(y)  = A sini(fof)  - R cos(ft-r)  tells  you  that  you  have  to  use  the 
boundary  conditions  to  Jui-cL  the  constants  A and.  B (I  tip  preceding  seel  ion 
explains  Jiuw  to  derive  the  equation  '.  \V  lint  are  the  boundary  conditions?  The 
wave  injlctiOn  must  disappear  at  the  boundaries  of  an  infinite  square  well,  & 


Ip"  Y(0)  = o 

v*  lp(d)  * 0 
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Tht  fact  that  i?(0)  = 0 ttflls  ymi  rigttl  away  Ibat  B must  \><±  zero  because: 
cos(L))  = 1.  Ami  the  Jact  that  4»fa)  = ii  tells  you  that  *y(a)  = A sicitfrfj)  = 0. 
Because  sine  is  zero  when  Its  argument  is  a multiple  ol  this  means  that 

ftfl  * m n n I,  2, 3 ... 

Note  that  although  n * 0 Is  technically  a solution,  il  yields  4 r f OJ  « 0,  so  It's  not 
a physical  solution  =*  the  physical  solutions  begin  with  t\  - 1. 

This  equation  can  also  be  written  as 


I 2 i 

U m JU  I U cm  m tm 


And  because  ft-  =■  2j>iF/.fis,  yoti  have  the  following  equation,  where  n - 1,2, 
3, ...  — those  are  the  allowed  ene«{y  states-  These  are  quantized  states, 

corresponding  to  the  quantum  numbers  l.,  2, 3,  and  SO  on; 


2mF  _ rr  jr’ 


2 


Nuti:  that  the  first  physical  .state  turret pDi ids  to  n = 1 , which  gives  you  this 
nest  equation! 


This  is  the  lowest  physical  state:  that  Hlp  particles  taei  nrcupy,  .hist  Eor  Ecir ks, 

tr 

put  some  numbers.  iiilo-  Ibis,  assuming  that  you  have  an  electron,  mass  9J 1 x 
li}_:  1 kilograms,  confined  lo  an  infinite  square  well  of  width  ol  the  order  oJ 
Boltr md/us  ( the  average  radius  oJ  an  electron  s orbit  in  a hydrogen  atom"), 
about  KH5  meters. 


E = - 


*V 


2mu 


ijivea  you  this  energy  for  the  ground  State; 


(1.05  x L0-l,j:  (3.14) 

?(S.ll  x VF'Uir' 


= 6.00xl0'i:i  Joules 
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That's  a very  small  amount,  about  4.0  electron  volts  (eV  — the  amount  of 
energy  one  electron  gains  falling  through  1 volt).  Even  soH  It’s  already  on  the 
order  of  the  energy  of  the  ground  state  of  an  electron  In  the  ground  state  ol 
a hydrogen  atom  f 33.6  eV).  so  you  can  say  you’re  certain ty  in  the  right  quart- 
turn  physics  ballpark  now. 


Okay,  you  have  this  ior  the  wave  equaliu-Ji  lor  a particle  in  an  iiiljiutc  square 
well: 


The  wave  function  is  a sine  wave,  going  to  zero  at  x 
the  flr^t  two  wave  functions  plotted  in  Figure  vt. 


h 0 and  y - 6\  You  can  see 


Ffenw  3 3: 
Wave 

lunclions 
in  a square 
well. 
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Normalizing  the  wave  function  lets  yon  solve  lot  the  unknown  constant  A In 
a nomtateetf  lunc t Ion,  the  probability  o£  finding  the  particle  between  x and 
drv  #)' "dx  adds  up  to  I when  you  integrate  over  the  whole  square  wall, 
x - 0 to  x " <*; 


Substituting  for  yQr)  gives  you  the  following:, 


Here  s what  the  integral  in  this  equation  equals: 


So  from  the  previous  equation,  la  A j j u/i}  . Solve  for  A: 


Therefore,  here's  The  normalized  wave  equation  with  I lie  value  of  A plugged  in: 


And  that's  the  normalized  wave  (unction  for  a particle  in  an  Infinite  square  well 


Now  how  about  seeing  how  l he  wave  1 unction  lor  a particle  iri  an  Inliiiitc 

square  well  evolves  with  time?  The  Schriidinger  equation  looks  like  this: 


A^(»eV|>Jvr(r]  = Evrfr} 
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Part  II:  Bound  and  Undetermined::  Handling  Particles  in  Bound  Stales 


You  can  also  write  ihe  Schr&dinger  equation  this  way,  where  H Is  the 
Hermltian  Hamiltonian  operator: 

HiKO  ■ F-l'Cr) 

That’s  actually  the  ti/ne-indepefHtent Schrodinger  equation,  The  t/ftre-depenfanl 

«•  s. 

Schrudingcr  equation  looks  like  tthim : 


to-^-Vrfr. /)=Hty|V,  /) 

Combining  the  preceding  three  equations  gives  you  the  following,  which  is 
another  lomi  of  the  tune-dependent  Schrfldinger  equation; 


And  because  you're  dealing  with  only  one  dimension,  x,  this  equation 


becomes 


0+vh  'MM 

lm  fix  \ f \ f • r 


This  is.  simpler  than  il  looks,  however,  because  the  potential  doesnT  change 
with  lime.  [n  Jack  because  E is  constant,  you  can  rewrite  Ike  equation  as 


iif  '■  * 1 

That  equation  makes  Ulat  a Lot  simpler — it's  p.tl sy  to  solve  rtin  tismxtepnnclent 
Schrodiiigcr  equation  il  yonVe  ilefslintj  with  fi  constant  potential.  In  this  rase, 

the  solution  is 


Kent.  When  the  potential  doesn’t  vary  with  time,  the  solution  to  the  lime- 
dependent  SdirGdln^  equation  simply  becomes  y(».  the  spatial  part,  multi- 
plied by  e~'ftv\  the  time-dependent  path 
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So  when  you  add  in  (he  time-dependent  part  to  the  tSm e-lndependent  wave 
Function,  you  ge(  the  time-dependent  wave  function,  which  looks  like  this: 


The  encrijy  t?E  (he  nth  quantum  state  is 


n 


l 2 ^ 

L,  Ir,  iJ 


li  i ■ 


Therefore,  the  result  is 


Shifting  to  symmetric  square 
West  potentials 

The  standard  infinite  square:  well  looks  liks  this: 

|c>*  V(>)  = whert  x 0 

V (_]■}  tz.  0,  w here  0 £ & 

v*  V(r)  m,  where x > a 

But  what  II  you  want  to  shift  thkngs  so  that  the  square  well  is  symmetric  around 
the  origin  lcuste^d^  That  Is,  you  move  the  square  well  so  th^t  fit  extends  from 
-7>  In  7*'-  Hpte's  ivhril  rhe  new  infinite  square  well  looks  like  in  this  rjLSf:: 


Ik*  V (x)  = vc,  w here  x < -cfi 
i>*  V (jl)  = 0,  where  — /s  i.r  i ■/= 

^ V (x~)  ■-  where  x rfi 

You  can  translate  from  this  new  .square  well  to  the  old  one  by  adding 7=  lo  Jt 
which  means  that  you  can  write  the  wave  function  for  the  new  .square  well  in 
this  equal  Ion  like  the  (o]low|ngrB 
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n = 1.  2,  3 


PfF 


Doing  a little  trig  glues  you  the  following  equations: 


j i ■ 1, 3, 5 ... 

*=2,4,6-.. 


So  as  you  can  see,  the  result  Ls  a mix  of  sines  and  cosines-  The  bound  states 
are  these,  In  Increasing  quantum  order: 


And  so  on. 

Note  that  the  cosines  arc  symmetric  around  the  origin:  y(_x)  = v (-■*)■  The 

sines  are  aaiti-syiirinetric:  - f (x)  = 


Truly  infinite  potentials  (which  I disc  mss  in  the  previous  sections)  are  hard 
to  come  by.  In  this  section,  yoo  luuk  at  some  real-world  examples,  where 
the  potential  is  set  to  some  Jinite  Vfr  dot  infinity.  For  example,  take  a look  at 
the  situation  in  Figure  3-4,  There,  a particle  is  traveling  toward  a potential 
step.  Currently,  the  particle  is  in  a region  where  V = 0.  but  it’ll  soon  be  in  Lhe 
region  V c Vfl. 
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Fr-gura  S-fll 
A potential 
stop,  E :=■  Yr 


There  are  l wo  cases  to  look  at  here  In  lerms  of  E,  the  energy  ol  the  particle: 

Iv*  F-  > Vfl:  Classically,  when  E > V,r  you  evpect  the  particle  to  be  able  to  con- 
tinue on  to  I he  reyton  x 0. 

v*  1L<  V4s  When  E * Vf|1  you'd  expect  the:  particle  to  huunco  back  and  not  be 
able  lo  gel  to  the  region  x > i\  at  all. 


hi  this,  section,  you  start  by  taking  a leek  at  the  case  where  the  particle's 


energy,  E,  is  greater  than  the  potential  Vr„  as  shown  in  Figure  3-4 ; then  you 
take  a look  at  the  case  where  E -=  V 


Start  with  the  case  where  the  particle's.  energy.,  E,  is  greater  Ihan  the  poten- 
tial V . Fran]  a quantum  physics  point  of  view,  here's  what  the  Schrbdingcr 
equation  wou  Id  look  like: 


For  (lie  regJon  a-  < 0; 
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Fur  the  region  x > 0; 


In  this  equation,  k, 1 


In  other  words,  ft  is  going  lo  vary'  hy  region,  os  you  see  In  Figure.  3-5, 


FifliiW  3>5: 


The  value  ol 

Jr  by  region, 
whara 


Treating  the  first  equation  as  a second-order  differential  equation,  you  can 
see  that  the  most  general  solution  Is  the  following: 

i| ff(x)  = AelV>T  * Be-*1',  where .x  < 0 

And  for  the  ragioEi  .v  > 1).  salving  Hie  second  equation  gives  yon  I Ills: 


= Ce  V - De  where  .t  * Cl 

Koto  that  er  " repres ueiis  plane  waves  traveling  in  the  rx  direction,  and  tr"-“ 
represents  plane  waves  traveling  In  the -x  direction. 
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What  this  solution  means  Is  that  waves  can  hit  the  potential  step  from  the 
left  and-  be  either  transmitted  or  reflected.  Given  that  way  of  looking  at  the 
problem,  yon  may  note  that  the  wave  can  be  reflected  only  going  to  the  right, 
not  to  the  left,  so  n must  equal  zero.  That  makes  the  wave  equation  become 

tho  following; 


If^  Where  x < 0:  ] \x)  = \e \T  + Lr.t''|p'  ‘ 
v*  W1  h ere  x > 0:  v . , ( a-)  = 


The  term  AcrA|r  represents  the  incident  wave,  Bet-^  is-  tlie  rellected  wave,  and 
C - * is  the  transmitted  wi 


Catcufathtg  the  ability  of  reflection  p r transmission 

You  Can  calculate  the  probability  I hat  the  particle  will  "be  reflected  or  trans- 
mitted through  the  potential  step  by  calculating  the  r&fl&dion  and  Vrcarc swi/s- 
SdOrr  U Jr  is  the  reflected  cor  rent  density,  J,  is  the  incident  current 

density,  and  J,  is  the  transmitted  current  density,  then  R,  the  reflection  coef- 
ficient is 


i 


T the  trans-mission  coefficient,  35 


You  now  have  to  calculate  Jr,  J(i  and  Jr  Actually,  that's  not  so  hard  — start 
with  J,.  Because  the  incident  pari  of  ihe  wave  Is  v,W  ■=  Ae"*-*,  the  Incident 
current  density  Is 


And  this  just  equals 


. Jr  and  Jr  wcjtk  in.  the  same  way: 
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So  you  have  this  for  the  reflection  coefficient: 


> 1 


T,  the  transmission  eodJicicnt,  is 


Finding  Af  arid  C 

So  Low  do  you  figure  out  thu  Constants  A,  B,  and  C?  You  do  I hat  as  you  Jigure 
out  the  coetficieiils  with  t Jit  inJinite  square  well  potential  — with  boundary 
conditions  (set  the  earlier  .section  “Trapping  Particles  in  Infinite  Square  Well 
Potentials")- I lowever.  here,  you  can't  nece-s-sarily  say  dial  iy (x)  goes  to  zero, 
because  the  polenlialis  no  longer  infinite.  Instead,  the  boundary  conditions 
are  that  y (x)  and  dv(_x)idx  are  continuous  across  the  potential  step's  bound- 
ary. In  other  words. 


You  kooiv  the  followina: 


Wlim^  a-  0;  v , CO  " Ac'*1*  + Be>_,lf| 
Where  a-  > 0:  ^(x)  e Ce'^T 


Therefore,  plugging  Ihnse  two  equations  info  w^O)  = y.fO)  ^ivnsfi-  you  A + K = ( 
Aid  p luring  them  in  Lo  ^ 1 f 0 ) - -3^  f 0 1 gives  you 

j4JLI  I * JTLi  V / 


& 


ft|A  AtvB  •=  ft  ,C 


Solving  for  B In  terms  of  A gives  you  this  result: 


ft  - It  , 

fr,  4 ft. 
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Solving  for  C In  terms  of  A gives  you 


You  can.  then  calculate  A Jtoiu  the  normalization  condition  ui  tJie  wave 
unction: 


But  you  don't  actually  need  A,  because  it  drops  out  ol  the  ratios  I or  the 
reilectloji  and  transmission  coefficients,  Rand  T.ln  particular. 


Therefore, 


That's  an  interesting  result,  and  it  disagrees  with  cLasslraJ  physics,  which 
.qays  Hint  there  should  he  no  particle  rnIJe-rBicm  at  All.  As  you  ran  see,  it  * 
k. , tticn  ttmre  will  iiid-Ged  lie  particle  reF Lection. 


Note  that  as  k{  goes  to  A;i  Rgoes  to  0 and  T goes  to  1,  -which  is  what  you'd 
expect. 


So  already  you  have  a result  that  differs  from  the  class  tea  1 — the  particle  can 
be  reflected  at  the  potential  step.  That's  the  wave-like  behavior  ol  the  par- 
ticle coming  into  plvy  again. 
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Okay,  now  try  the  case  wi&G rn  t < V|(  when  there’s  a potential  sin]],  as  shown 
in  Injure  3-fi.  In  this  case,  rhc  particle  doesn't  have  enough  energy  lo  make  il 
into  I he  region  _r  > 0,  accord  mg  to  classical  physics.  See  what  quantum  phys- 
ics has  tu  say  about  it. 


Ftanw  3-®: 
A pci^nlial 
alep,  E c Vr 


TaekJe  the  region  x -■  1J  firsl.  TllurC,  the  Sc  hrddinger  equation  would  look 
Like  tiles: 


(*)+ A,  >,(-*■)=<> 


where:  ft,* 


I. 


You  know  l lie  solution  lo  this-  Irom  the  previous  discussion  on  potential  steps 
(see  'Limited  Potential:  Taking  a Look  at  Particles  and  Potential  Steps"): 


Copyrighted  material 


Chapter  3:  Getting  Stuck  in  Energy  Welle 


Okay,  but  what  about  Hie  region  jc  ^ 0?  Thai's  a different  story.  Here's  Ihe 
Schrodlnger  equation:, 


<fV, 


dt 


(where  *>0} 


where  k s 


, 2,»(E-V,)/ 


I1  - 1- 

/ /l  ‘ 


But  f'L-ckii^  on;  E—  V"  Ls  ]tss  than  ScOrQ,  wLlLcIj  would  j^iahc  k hAdgiriAry,  which  is 
iiUpO££ibl£  physically.  So  chiifi^t  th ii  Si^i'i  ill  Site  Sdimditl^er  -tCjuatitirt  I r 0 c'i'l 

plus  to  minus: 


jr  > 0 


Aud  use  Hit  following  for  (uuto  that  this  is-  positive  if  E 


v,o-- 


Okay,  so  now  you  havs  To  solve  the  rlirFermtial 


solution*: 


(w I : trt  x > U).  TKf't’p  are  two  lii  marly  independenl 


|t>  y(x)  m.  Cfr** 

iLlfjr  j = Dp*? 

* iL, 


Anri  thp  ypriGral  solution  to 


(where  jt  > 0)  is 


y,  f x ) = Ce"1*1  + De-1' ' x > 0 

V f 

However,  wave  functions  must  be  Unite  everywhere,  and  the  second  term 

is  dearly  not  Finitp  as  x to  infinity,  so  [)  must  Equal  zero  (note  that  LF  .* 
ijoess  to  negative  inlinity7  the  first  term  also  rtiv-Kr^es.  hut  hnraLasn  thn  poDEU- 
tiat  sTf]]  is  limiTEd  lux  > Cl,  rliaT  isn't  a prohlzirij.  ThereforE,  here's  ihe  solu- 
tion For  jc  > LI: 
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So  your  wave  functions  for  the  two  regions  are 

Y , (x)  = Ac** * R<r‘V  x ■-  0 

- Ce-^  x > 0 

3 ^ •» 

Putting  this  In  terms  of  the  Incident,  reflected,  end  transmitted  wave  func- 
tions. ip.£jr).  qr^jr),  and  q*,(-v).  you  Imve  the  iulluwing: 

Iv*  ijiX-v)  = AelL')y 

v * qjr(jr)  = Bes*iv 
v*  •mix)  = Cck-T 


Finding  ttansmissien  and  refleiHhn  coefficients 

Now  you  can  figure  out  the  rei  lection  and  transmission  eoeilici 


, R mid 

T (as  you  do  (or  the  ease  £ > V ; in  the  earlier  section  “Assuming  the  particle 
lias  plenty  o(  energy"); 


Actually,  this  is  very  easy  in  this  case;  take  a look  at  J,; 


But  because  i^QO  ■ CeH^,  y£x)  Is  completely  real,  which  means  that  In  this 
case,  the  following  Is  true; 


And  this  equation,  of  course,  Is  equal  to  zero, 

.So  J,  = 0:  Thei  Rlore,  T - 0.  IE  I'  = ft,  then  K must  etpial  1.  That  means  that  you 
have  a complete  reflection,  just  as  in  the  classical  solution. 


The  tttfflzera  sahtCwn;  Finding  a particfc  in  x >0 

Despite  the  complete  reflection,  there’s  a difference  between  the  mathemati- 
cal and  classical  solution;  There  actually  Is  a nonzero  chance  of  finding  the 
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particle  In  the  region  ,x  > 0.  To  see  that,  take  a look  at  the  probability  density 
for  x > 0f  wh  left  Is 


TO  - I I = 

Plucjslnfi  in  For  the  wave  function  y.iV}  selves  von 

3 • ■ 

P(.r>  I i;r ,(.v ) I s = | C I fe'-L7r 


You  can  use  the  continuity  conditions  to  solve  for  C in  terms  of  A: 


^ ui.(0)  = v „(0') 


tlx 


Usim*  the  continnilv  conditions  i; L v es  ynu  the  lollowinji; 


This  dots  (all  quickly  to  zero  as  x gels  large,  but  near  _r  *■  0,  it  has  a nonzero 
value. 


You  can  see  what  the  probability  density  looks  like  lor  the  F < VM  case  of  a 
potential  step  in  Figure  3-7. 


Ffflure  3-7; 
Thi:  vsluij  ul 


k fay  region, 
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Okay,  you’ve  taken  care  of  Infinite  square  wells  and  potential  steps.  Now 
whai  about  the  case  where  the  potential  step  doesn't  extend  out  to  Infinity 
but  is  Itself  hounded?  That  brings  you  to  potential  barriers,  which  I discuss  In 
the  next  section. 


What  if  the  particle  could  work  its  way  through  a potential  step  — that  is.  the 
step  was  ol  Him i Led.  extent?  Then  you'd  have  a potential  barrier,  which  is  set 

up  something  like  this: 


Ii^  V (.f)  = 0,  where  ,v  < fl 

V(.v)  = V,„  where  0 s jr  £ n 
V(V)  = (),  where  x>a 


You  can  see  what  ibis  potential  looks  like  in  Figure  3-8. 


Fiprc  3-fl; 

A potential 

barrier 

E>V(. 


0 
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In  solving  the  Sehrddlnger  equation  lor  a potential  barrier,  yon  have  to  con- 
sider two  cases,  corresponding  to  whether  the  particle  has  more  or  less 
energy  than  the  potential  barrier.  In  other  words,  IF  E Is  the  energy  ollhe 
incident  panicle,  the  iwo  cases  to  consider  are  F.  > vu  and  F.  ^ Vv  This  section 
S tarts  with  E > Vr 


hi  the  case  where  E V',,,  the  particle  lias  enough  energy  to  pass  through  the 
potential  barrier  and  end  up  in  the x * a region.  This  is  what  the  Schrfidinger 
equation  lo^ks  like: 


^ For  the  region  x < Ot 


where  It2  = 2frtlV. 

/ ti 


pe  For  the  region 01  jin; 


where  fe,.! 


V Fur  the  region  x > a,- 


The  solutions  for  V|(.c).  v,(x),  and  41 , (j: ) are  the  following: 


t * Where  .v  < f>:  iy , (x)  m A?'*'1  < B<r,t'T 

v*  WTiere  0 £ x £ u.-  = ( ' p ' v ' ' ■+  IDfr’fe,v 

v*  Whore  je  > a:  v ( x)  = Ee'^r1  t Fe_lV 

In  Fact,  because  there's  [to  leftward  traveling  wave  in  tliex  > a region, 
V = 0,  so  j = 
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So  how  do  you  determine  A,  B,  C.  D,  and  E?  Yon  use  the  continuity  condi- 
tions, which  work  out  here  to  be  the  following: 


Okay,  from  these  equations- you  get  the  following: 


t**  A * R » C I-  D 
^ »,(. A - R>  = j*,(C  - D) 

shfier*?- = rA, Eef*r' 

l!'  f-  1 


So  putling  ill]  of  these  equations  together,  you  yet  this  Jor  the  coefficient  E in 


terms  of  A: 


Wow.  So  what’s  the  transmission  coefficient,  T?  Well,  T is 


And  this  ^rorks  oat  to  be 


T-r 

um 

i-tj 

f . : . : \ 

•ji 

* 

sin  Hky\ 

4 

v kh  , 

1 3 f 

a 

Whewl  Nnttt  that,  as  tjoes  In  £fV,  T In  1.  which  is  what  youVL  rapper. 
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So  how  about  R,  the  rejection  coefficient?  I'll  s pare  you  the  algebra:  here's 
what  R equals: 


You  can  see  what  the  F :■  V„  probability  density,  I w (at) I \ looks  I Ike  for  the 
potential  barrier  In  Figure.  3-3. 


Figure  3-S; 

lor 
a potonlial 
barrier 

e>v. 


/ 


■ 

/ 


■ 

y 


That  completes  the  potential  bat  tier  when  K ^ V 


etfen  when  E < V 0 


What  happens  If  the  particle  doesn't  have  as  much  energy  as  the  potential 
of  the  barrier?  In  other  words,  you're  now  facing  the  situation  you  see  In 
Figure  3-10, 


r- 


figure  3-10; 

A potential 
barrier 

E<Vr 


Now  the  Schridinger  equation  looks  like  this: 

1; u r the  region  x ^ 0;  y L (x}  = At>  l,:l'  4 E!tj_,,l,|A 


t>  For  the  regJoii  0*  i < it:  (*  | + k V± f * f = 0 

fDf  I-  ^ TL  / 


where  frJ  = 


MB-W 

/A*' 


Bui  now  E - V is  less  than  0.  which  would  make  k imaginary.  And  that's 
impossible  physically.  So  change  the  sign  in  the  SchrGdinger  equation 
from  plus  to  minus: 


d-\p. 


L. 


dx 


WjOaVsH"0 


And  L3iu  iIlLs  lur  k..k'  = 


» ■ rhi 

*e* 


2m(E-V.)/ 

"■  “ r 


//r\ 


For  the  region  j 


= 0 


where  k1  = 


s® 
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AJ1  this  nitons  that  the  solutions  lor  v H (x),  Tjr.. f jtJ , amt  ip,.(jr)  ate  the  following: 


Where  .v  < t>:  ip  ( (_v)  = Ae'^P’  + Be4**' 

**  WhtTt*  0 ? a ^ 7 Jx)  - C e l'-'  + Dr^ 

t*"  Where  x > o:  U -{>,■  ) k Ee'*|,r  + Ff 


In  fact,  there’s  no  leflward  traveling  wave  In  the  region  x>  a;  F®0t  so 


'hG*f>  Is  Hfi(*)  - Tsa>t- 


This  situation  is  similar  to  the  case  wIiste?  \L  :=-  Vh,  except  tor  rhp.  region 
0 £ x£  a.  The  wave  Emctiou  oscillates  in  tho  regions  where  il  has  positive 
energy,  x * U and  x .=■  a,  but  Is  a decaying;  cxpuncEitlal  in  ihc  region  0 £ x £ a. 


You  can  sei : what  the  probability  density,  ip(Y)  ;',  looks  Ukr:1  in  Figure  3-t  I. 


Find! ft#  the  refteethn  md  transmission  coefficients 

How  about  the  ref  tec  Lion  and  transmission  coefficients,  R and  T?  I fere's  what 
they  equal: 
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As  you  may  especL  you  use  Hie  continuity  conditions  lo  determine  Ay  ft,  and  E-: 


v v,^) m v.000 


**  = 'V/.u) 


A lair  bit  oE  algebrn  and  trig  involved  i]]  solving  fur  ft  and  T;  hen:1 s wliat  R 
and  T tuna  out  to  bt: 


sin 


-=r 

M 

m* 

lA.cdl  l- 

"4 

■5 

I 

ir  jfc 

k J i / 

Despite  the  equation's  complexity,  If*  annaiin^  (hat  the  expression  for  T can 
he  nonzero,  Classically,  particles  can't  enter  the  lorblrfrten  zprie  II  Sx  £ rt 
bpcflusn  FI  s V(1.  where  V , Is  the  potential  Ln  that  region;  they  just  don't  have 
enough  energy  to  make  it.  into  that  arra. 


Quantum  mechanically,  the  phenomenon  where  panicle*  can  pret  through 
regions  chat  they’re  classically  forbidden  to  Enter  15  celled  tymn&iing. 
Tunneling  is  possible  because  in  quantum  mechanics,  particles  show  wave 
properties. 

Tunneling  is  out:  oE  the  most  nxciring  results  oE  quantum.  physics  — it  [ntaits 

that  particles  can  actually  gel  through  classically  forbidden  regions  because  erf 
the  spread  in  their  wave  functions.  This  is*  of  course^  a microscopic  ellect  ■— 
don't  try  lt>  walk  through  any  closed  doors  — but  it's  a significant  one.  Among 
other  effects,  tunneling  makes  transistors  and  integrated  circuits  possible, 

You  can  calculate  the  transmission  coefficient,  which  lells  you  the  prob- 
ability that  a particle  gets  through,  given  a certain  inc idp.nl  intensity,  when 
tunneling  is  mvolvnd,  Doing  so  Is  relatively  easy  in  the  prncerfiny  section 
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because  (he  barrier  that  the  particle  has  to  get  through  is  a square  barrier. 
But  in  general,  calculating  the  transmission  coefficient  Isn’t  so  easy.  Read  on. 


Getting  the  trattsmittiett  Mtith  the  WKU  appremaatien 

Tire  way  you  generally  calculate  the  traits  mission  cocfticicoi  is  to  break  up 
the  potential  you  Ye  working  mtlr  Into  a succession  oi  square  barriers  and  to 
sum  them.  Thai's  called  the  We 


iei-Krtl/}i£T$-Bntkmtj\  (W'KB)  approximation 
treating  a general  potential  V(Y).  as  a sum  of  sqtiare  potential  barriers., 


The  result  of  the  W’KR  approximation  is  that  the  transmission  coefficient  for 
an  arbitrary  potential,  V(x),  for  a particle  oE  mass  m and  energy  F,  is  given  l>y 
this  expression  (that  Is.  as  long  as  V{*)  Is  a smooth,  slowly  varying  function}: 

41  ■ 4- 


So  now  you  can  amaze  yttur  friends  by  calculating  4 he  probability  that  a par- 
ticle will  tunnel  through  an  arbitrary  potential.  It's  the  stuff  science  fiction  is 
made  of  — well,  on  the  microscopic  scale.  any  way = 


What  about  pnrtictes  cutsicBa  any  5 qua  re  well  — tlisl  is,  frat  particles?  There 

are  plenty  of  particles  (hat  act  freely  in  the  universe,  and  quantum  physics 
has  somelliing  to  say  about  them. 


Here's  the  Schrftdinyer  equation: 


-tr  d 


2m  dv 


fy(jr)4  V(x)^{x)  = t^(jr) 


What  fit  the  particle  were  a free  particle,  with  V(.t)  * 0?  in  that  case,  you'd 
have  the  following  equation: 


-A* 


2rn  djr 


rVr  [x)-Ly[x)  = (i 
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Part  II:  Bound  and  Undetermined;  Handling  Particles  in  Bound  States 


And  you  can  rewrite  this  as 


where  the-  wave  number,  kt  is  hJ  ~ 


You  caii  write  the  general  solution  lo  this  Sdirfidinger  equation  as 


141  (x)  = .‘W 


If  you  add  time-dependence  to  the  equation,  you  yef  this  time-dependent 

wave  function; 


That's  a solution  to  the  Schriidinger  equation*  but  it  turns  out  to  be  mi physi- 
cal, To  see  this,  note  that  for  either  lerm  Ln  the  equation,  you  can't  normalize 
the  probability  density,  I y{x)  I - face  the.  earlier  section  titled  "NornializinR 
the  wave  function”  lor  more  on  norms lizinpr}; 


I vCO I " = IAI'J  It*!2 


What's  Ljoiiig  on  here?  The  probability  density  for  the  position  of  the  particle 
ia  uniform  throughout  all  x!  In  other  words,  you  can't  pin  down  the  particle 
at  all . 


This  is  a result  ol  the  form  of  the  time-dependent  wave  function,  which  uses 
an  exact  value  toy  the  wave  number,  k — and  p * bk  and  E * bk-/2m*  So  what 
that  eqtralton  says  Ls  that  you  know  F,  and  p exactly.  And  If  you  know  p and  F. 
exactly,  that  causes  a large  uncertainty  in  x and  t — in  last,  x and  Jare  com- 
pletely nnrerfain*  That  doesn’t  cnrre.R pond  to  physical  reality. 

tor  that  matter,  The  wave  hmcTinn  as  it  staruts,  isn't  s-ometlilng  you 
ran  normalize.  Trying  To  normalize  the  first  Term,  Fur  exam  pin,  gives  yuu  this 

integral: 


And  Inr  The  lirst  term  oF  J),  this  is 
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Chapter  3:  Getting  Snick  in  Energy  Welle 


Anti  Hit*  same  is  tmn  uE  the  second  term  Ln  ly (.ra  *j_ 

So  wh-at  do  you  do  here.  (o  gel  a physical  particle?  The  next  section  explains. 


If  you  have  a nu  mliier  of  solution*  to  the  Schrodisifier  equation,  any  linear 

combination  of  those  solutions  is  nlso  a solution.  So  that's  Ttm  key  to  jjntl in^; 
a i physical  particle:  Vou  add  various  wave  functions  together  so  llial  you  get  a 
packer,  which  is  a collection  ol  wave  junctions  ul  the  Jorm  c ‘ |L: r "" ^ ■'  such 
tJiat  iKi!  wave  (unctions  interfere  constructively  at  one  Location  and  interfere 
destructively  (go  to  zero)  at  alt  Other  locations: 


A",  f I *5/^2  ' 


E-C 


This  la  usually  written  as  a continuous  Integral: 


TW1 

yr(j<'.  / ’]  = — 3—  J 4>{  k, ! le"  /f  <$ 

1 } (2jr)fci  ' ' 


i 


What  is  <M*f.  O';  It's  the.  amplitude.  of  each  component  wave  function*  and  you 
can  Eind  from  the  Fourier  transform  of  the  equation; 


HM=_J brM*  'K 

I l7Z  J 


dx 


Because  k = p/ft,  you  can  also  write  the  wave  packet  equations  like  this,  in 

terms  of  p,  not  to: 
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Part  II:  Bound  and  Undetermined:  Handling  Particles  in  Bound  Stales 


Well.,  you  may  be  as  King  yours  elf  Just  what's  going  on  here.  It  looks  like 
4 r O’,  t)  Is  defined  In  terms  of  <|i(jp,  f).  foul  ${p,  f)  Is  defined  In  terms  ol  vCx  Q. 
That  looks  pretty  circular. 


The  answer  is  that  the  two  previous  equations  aren't  definitions  of  v(;r,  t) 
or  ^C/J,  /];  they're  Just  equations  relating  the  two.  You're  free  to  choose  your 

*»'  •£»  ■■  ^ m- 

□wj]  wave  packet  shape  yourself  — Bor  example,  yuu  may  sjjeciEy  the  shape 


mi. 


dk  would  Id  you  find  ip (_v,  f) 


Here'S  m)  example  \n  which  yOu  Ljefc  concrete,  Select  ml  actual  Wavfc  packet 

shape.  Choose  o so-called  Gaussian  wove  packet,  which  you  can  see  in 
Figure  3-12  — local ked  hi  one  piece,  zero  in  the  others. 


Figure  1*12: 
A Gaussian 
weva 
packaB. 


The  amplitude  ■ tfk}  you  may  choose  for  this  wave  packel  Is 


You  start  by  normalizing  h>  delermlne  what  A Ssr  Here's  how  that  works: 


SubsthutinR.  in  $(k)  tflves  you  this  equation: 
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Doing  tlie  Integral  (that  means  looking  It  up  In  math  tables)  gives  you  the 
following: 


1 


Therefore.  A — 


*r[%r 

W»\ 


So  hert's  vDiir  wave  limctitin: 


Hi  is  lit  Llo  ge  [Vi  til  an  integral  can  be  evaluated  to  give  you  the  following! 


Sti  thftl's  I he  wa  yp.  fimrilrm  for  this  i\  {i,  i is  £ I * n wave  packet  (.‘Vote-  The 

expf-^/fl-]  is  l he?  Oaussiart  pen  that  ^ive-5  the  wave  packet  the  distinctive 
shape  th<at  y-rn.1  5ee  in  Finite?  3-12}  — <in<i  it"^  ^lre?dy  normal  lizecl. 


iSnw  you  can  lire  this  wave  pricket  Function  to  dnl ermine  the  probability  that 

the  particle  will  be  in,  say*  the  region  0 £ x <, d/t  The  probability  is 


n 


In  this  ease,  the  Integral  is 


_Tl f2/ 

IP> 


■ 

/ 


ti 


: | cfc 


And  this  wor  ks  out  to  he 


So  the  probability  that  the  particle  will  be  in  the  region  O^.c 
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Part  II:  Bound  and  Undetermined::  Handling  Panicles  in  Bound  States 


In  This  Chapter 

] lamiUoriians:  Looking  at  total  energy 

Solving  fnr  energy  stator  with  creation  and  annihilation  operators 
Under-standing  the  matrix  version  of  harmonic  oscillator  operators 

Writing  computer  code  to  solve  the  Sclir&dlnger  equation 

* *v*  + v + ti****4v**v  + 4**tf&  + *t#e*4v*4**«fii 


nu/mo/^cosci^u/ofs  are  physics  setups  with  periodic  motion^  suck  as 

tilings  bouncing  on  springs  or  tick-tocklrig  on  pendulums,  You're  prob- 
ably already  familiar  with  harmonic  oscillator  problems  In  the  macroscopic 
arena,  but  now  you're  going  microscopic.  There  are  many,  many  physical 

nasftH  that,  can  he  approximated  by  harmonic  -oscillators-,  such  as  atoms-  in  a 
crystal  structure. 

K> 

hi  this-  chapter,  you  sec  bulb  exacl  solutions  to  harmonic  oscillator  problems 
as  well  as  computational  met  hods  for  solving  them.  Knowing  bow  to  solve 
the  Sdirodciige-r  equation  using  computers  is  a usciuJ  skiill  Jor  any  quantum 

physics  expert. 


Okay,  lime  to  start  talking  Hamiltonians  (and  I'm  nut  referring  to  Fans  of  the 
LT.S.  Fuuudiiig  Father  Alexander  Hamilton).  The  Hanultoniaj]  will  Jet  yuu  find 
the  energy  levels  of  a system. 


Part  II:  Bound  and  Undetermined:  Handling  Particles  in  Bound  States 


In  classical  terms,  the  lores  on  an  object  In  harmonic  oscillation  is  the  follow- 
ing (this  is  Kooke’s  law); 


-fcx 


|]i  lliii  equation.,  k is  thu  spring  constant.  measured  in  New  I dels-  meter.  amJjr 
is  displacement.  The  key  point  here  is  ikat  the  ruslurariLJ  force  on  whatever  is 
in  JiariELocLLc  i net  ion  is  prupGrtimial  to  its  displacement.  In  Older  words.  the 
farther  you  itrClrlh  d spring,  the  harder  it'll  pull  back. 


Because  F * where  m is  the  mass  of  l he  particle  In  harm  an  Ic  motion  and 
a is  Its  Instantaneous  acceleration,  you  can  substitute  lor  F and  write  this 
equation  as 


-r 77tt  t kx  = Q 


Here  s the  equal iu]]  fur  inslimlaneous  aeCeJeratcun,  where  x in  displacement 
and  r \n  time: 


—5? 

at 

So  substituting  for  a,  you  can  rewrite  the  force  eq nation  as 


ma  V-  hx  = + fee  = 0 

dr 

rtlviding  by  the  mass  of  the  particle  gives  yon  the  following; 


<i\x  | ftx  _ 0 

dt 1 m rn 

■to 

It  you  take  V-  ® or  (where  ru  Is  the  angular  frequency),  this  becomes 


X = 0 

ili  ” 


You  can  solve  this  equation  lor*,  where  h and  H are  constants: 


X - A S Inti'll  i R COS  fiif 


Chapter  4:  Back  sad  Forth  with  Harmonic  Oscillators 


Therefore,  the  solution  Is  an  oscillating  one  because  It  involves  sines  and 
cosines,  which  represent  periodic  waveforms. 


Now  look  at  harmonic  oscillators  in  quantum  physics  terms.  The  Hamiltonian 

(H)  is  the  sum  of  kinetic  and  potential  energies  — the  total  energy  ol  the 
system; 

II  ~KE  + PE 


For  a harmonic  oscillator,  here’s  what  these  energies  are  equal  to; 


\*  The  kinetic  energy  at  any  one  moment  is  the  following,  where  p is  the 
particle's  momentum  and  m is  its  mass: 


The  particle’s  potential  energy  Is  ecpial  to  I he  following,  where  h is  the 

spring  constant  a net  or  is  displacement: 

PE  . I Jfcr  • i ism ‘jt* 

^ 2 

{Note;  The  k cancels  out  because  or  = '/*,) 


Therefore,  in  quantum  physics  terms,  you  can  write  the  Hamiltonian  as  H 
ttli  4 PL,  or 


where  P and  X arc  the  momentum  and  position  operators. 

You  can  apply  the  Hamiltonian  operator  to  various  eigenstates  (see  Chapter 
2 for  more  on  eigenstates),  ly>,  of  the  harmonic  oscillator  to  gel  the  total 
energy,  E,  ol  those  eigenstates: 


if/  > 


] -i  v ~ 


\tf  >TH  E 


I 


¥ 
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The  problem  now  becomes  one  of  finding  the  eigenstates  and  eigenvalues. 
However,  this  doesn’t  torn  out  to  be  an  easy  task.  Unlike  the  potentials 
V(  j)  covered  in  (,'hapter3,  Vfjrl  fora  harmonic  oscillator  is  more  complex. 

« r?  ™ jb  wm  ™ 

depending  as.  it  does  on  _r‘. 

So  yon  have  lo  lie  clever.  The  way  yon  snEve  harmordr  nsnilEafnr  problems  in 
[[LianUim  physics  is  with  operator  algehra  — that  is,  you  introduce  a new  set 

of  operators.  And  they’re  coming  up  now. 


Crearkwi  and  annihilation  may  sound  like  hig  make-or-break  the  universe  kinds 
bf  ideas,  but  they  ]]Jay  a starring  role  m the  quantum  worJd  whim  yoti'rn  work- 
ing with  harmonic  oscillators.  You  use  tJie  creation  aji-ct  annihilation  operators 
to  solve  harmonic  oscillator  problems  because  doing so  is  a clever  way  Ol 

handling  the  tougher  Hamiltonian  equation  (see  the  preceding  sect  ion )\  Here’s 
what  these  two  new  operators  do: 


^ CraMlou  operator'  The  creation  operator  raises  the  energy  level  of  an 
eigenstate  by  one  level,  so  II  the  harmonic  oscillator  Is  In  the  lourth 
energy  level,  the  creation  operator  raises  It  to  the  fifth  level, 

w*  Annihilation  operator:  The  anniliiLation  operator  does  the  reverse,  low- 
ering eigenstates  one  level. 


These  operators  make  it  easier  to  solve  £or  I lie  ener  gy  spectrum  without 
a lot  o£  work  solving  (or  the  actual  eigenstates.  Iu  oilier  words,  you  emi 
understand  the  whole  eiiergy  Spectrum  by  looking  at  the  energy  difference 
between  elyens!atesr 


Mind  if  am  p*s  and  {( *s:  Getting  the 

state 

Here  s huw  people  usually  solve  (or  the  energy  spectrum.  Pirsl,  you  intro- 
duce two  new  operators,  p bud  q,  which  are  dimensionless;  they  relate  to  the 
P (moiMentujii)  operator  this  way: 


v*  <?  = * 


mm/ 

/h, 


. C/ 
1/2 
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Chapter  4:  Back  a ad  Forth  with  Harmonic  Oscillators 


You  use  these  two  new  operators*  ft  and 
operator,  (?,  and  the  creation  operator,  o': 


the  basis  oF  the  annihilation 


In"  £r=-jL(e4jp) 

Now  you  Can  write  the  harmonic  oscillator  HnrnilrDniatL  likn  this,  in  terms  oE  n 
and  uh 


H 


As  Eor  cresting  new  nperarnrs.  here,  The  quantum  pEfysicLsts  wenr  crazy,  ewn 
giving  a uamt  to  is  a:  tlitt  iVor  njjrjjYwa^  ap&rutar.  So  hern  s how  you  cau  write 
tJio  Hamiltonian: 


H K fttl? 


The  hi  operator  returns  the  mnnb\-:y  of  the  energy  le\ret  oS  Itte  harmonic  osrit- 
Lalor_  II  you  denote  the  eigEnslarcs  of  hi  as  ln=-,  you  gel  this,  where  it  is  rhe 
number  oE  tin:  nth  stale: 

NIft>  = .-jI  n--> 

Because  H * + Va),  and  because  H ! rr»  ? E.^  1^a  ihcn  by  comparing  the 

previous  two  equations,  you  have 


Amazingly.  that  gives  you  the  energy  eigenvalues  of  the  nth  state  of  a quan- 
tum ici  e c 1 1 a cl  i ca  I harmonic  oscillator.  So  here  are  the  energy  states: 


v*  The  ground  .state  energy  corresponds  to  = Ch 
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v*  The  lirst  Excited  state  is 

■ w#  n ■ ST  m j 

E . m ^ ktii 

I 2 

p^  The  second  excited  state  has  an  energy  of 

j Ks=§Am 

And  so  on,  That  is,  the  enenjly  levels  are  discrete  and  notufegenemte  (not 
shared  by  any  two  states).  Thus,  the  ener?{y  spectrum  is  made  tip  of  equidis- 

t-nut  hands. 


When  you  have  the  overstates  (see  Chapter  2 to  find  out  all  about  eigen- 

up 

states),  you  can  determine  the  allowable  states  oE  a system  and  the  relative 
probability  that  the  system  will  he  in  any  ol  those  states. 

The  rom mutator  oE  operators  A,  B is  |A,  B]  = AH  - HA,  so  note  that  the  com- 
mutator of  ft  arid  o'  is  the  following: 

[a,  ui]  = -|[v  + t,i>.  y-^ft] 

This  is  equal  to  the  following: 

[o,  oT]  = I[s  + ^g-^]  = -f|>p] 

This  Equation  breaks  down  to  [a,  a j = 1.  AncE  putting  In^fithpr  this  Equation 
with  H=ft£ii[  N4-^  j,  youijet  [o,  H ' = flaw  and  [aTp  Tlj=  -AomjT 
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Fmdittfj  the  mwgy  ef  dn> 

Okay,  with  the  commutator  relations.  youVe  ready  to  go.  The  lirsl  question  is 
if  the  energy  of  slate  i is  E.,*  what  is  the  energy  of  the  stale  a!  rr>7  You  can 
write  the  energy  of  a I n > this  wav: 


H(nln>) 

= ( a H - Jr  llm7  ) I rr> 

•»  r, 

= (En  - ficoX-Tlj]>) 


So  a I fi > is  also  an  eigenstate  of  the  harmonic  oscillator,  with  e n e rgy  E.,  - ftw. 
not  E,r  That's  why  g is  called  the  annihilation  or  lowering  operator:  It  lowers 
the  energy  level  of  a harmonic  oscillator  eigenstate  by  one  level. 


Futdittfi  the  *=rlL|^> 

So  what's  Hle  Energy  Itvel  oE  o 1/1=-'? 


You  can  writer  that  ran  like  this: 

■ai  %> 


All  this  mean  a that  a lu>  is  an  eigenstate  of  the  harmonic  oscillator,  with 
energy  E,,  + JVei,  not  Just  Ei7—  that  Is,  the  o operator  raises  the  energy  level  o! 
an  eigenstate  of  the  harmonic  oscillator  by  one  level. 


If  you  vt?  been  fol lowing  along  irom  the  preceding  section,  you  know  that 
H(  rr  I n -■)  - (t„  - ft to) (Vr  1 .7 > J Find  H (cj 1 1 rr >1  = f E „ + Jl coji ( rr  I n -< ) . You  can  derive  The 
following  Irom  the  these  equations : 


Iv*  a I n * = C rt  - L > 
k-’  d1 1 rr>  = Dl  n * I* 
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Part  II:  Bound  and  Undetermined:  Handling  Particles  in  Bound  States 


C anti  P are  positive  constants,  bul  what  do  they  equal?  The  stales  I n - l> 
and  tt  i- 1>  have  to  be  nomatized,  which  means  that  ™ 1 1 rr  - ]*  ■ 

<n  i | t)  1. 1>  = ].  So  take  a look  at  the  quantity  using  the  C operator: 

laf)(>l  *t>)  - C~<n  - I In-  1> 

And  because  ‘n  - ]>  is  LLonnaJizcd,  *-n  - l n - l>  = i: 

(<n  I <JrXu  I = C? 

-^rr I Ctfd\  rr*  = C* 

Bui  you  also  know  ihal  o'  o = K,  Ihe  energy  level  operator,  so  you  get  the  fol- 
lowing equation: 


lNlff>  =C“ 


Nl  rav  = nl  wh-ere  n I?  the  energy  level,  5-0 

Iflr-  = C“ 

E lowever  ^rrlrr*  = I,  SO 


rm} 
n = C 

4 r 
fi  = C 

Thls  finally  tells  you,  from  0 In*  = C.1I  fi  - 1 v,  that 
a In*  = n*  In  - ls> 

That's  cool  — now  you  know  how  to  use  the  Lowering  operator,  a,  on  eigen- 
states ol  ihe  harmonic  oscillator. 

What  about  llie  raising  operator,  n(7  Following  the  .same  course  of  reasoning 
you  lake  wiih  the  a operator,  you  can  show  the  following: 

oh  * (rt  + I y,h  [ft  I-  l> 

.So  af  this  point,  you  know  what  the:  energy  eigenvalues  are  and  how  rhe  rais- 
ing and  Lowering  operators  aEEerl  the  harmonic  nscillaror  eigenstates.  You've 
made  quite  a lot  oE  progress,  using  the  a and  operators  instead  ol  trying  tn 
solve  the  Sthrodiiigcr  equation. 


Copyrighted  material 


Chapter  4:  Back  a ad  Forth  with  Harmonic  Oscillators 


q 

The  charm  ol  using  the  operators  a and  o'  is  that  giv-en  the  ground  state,  H)&, 
those  operators  let  you  Eiclc:  all  successive  cilery  stales.  If  you  want  to  M ii]< I 
an  excited  state  ol  a harmonic  oscillator,  you  can  starE  wish  the  ground  state, 

! li=-,  aud  apply  the  raising  operator,  or_  For  example,  you  can  do  this! 


And  so  on.  In  general-  you  have  Mi  is  relation: 


ffl&rking  in  pt isitim  space 


Okav,  & > = — r _rl o'  V ft  > is  fine  as  (ar  as  it  goes  — but  just  wlial  is  I0>7  Can't 

^n\  * F 


you  get  b spatfel  eigenstate  of  this  eigenvector?  Something  like  Wu(x\  not 

D V J V"  ■ 

just  IC)>?  Yes,  you  can.  [n  other  words,  you  want  to  lind  <rl  d>  = 4J,,(jr).  So  you 
need  the  representations  oE  a and  n1  in  position  space. 


The  p operator  is  defined  as 
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Bernijs?  P=-#i 


d 


, I r! 


can  wr ile 


PmZ 


-ih 


| mfico  J 


d 


H dx 


And  ivritiug jcm  = [ft/(jH#Uo)K'“I,  this  becnm-ES 


P = - 


?h 


d 

% j dx 


= -w 


d 

dx 


Okay*  what  about  the  a operator?  You  know  that 


] 


uis  — I a -I  jp  1 

J"?  ' - 

\l^ 


And  that 


V ti  J /xa 


Therefore 


«=-U-* 

v2 1 * 


* +Jf, 


* dx 


Vuu  can  also  write  I Ills  equation  as 


a 


] 

-V„M 


F? 


X + a 


fc  3 d 


dx 


03^^  so  that’s  o in  the  position  representation,  What's  a] 7 That  turns  out  to 
he  1 h I=i ; 


o'-  1 


d 


dx  > 
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Now's  Hie  time  to  lie  clever.  You  want  to  solve  for  I0>  in  (he  position  space, 

or  -orUlv.  Here's  the  clever  part  — when  you  use  the  Lowering  operator,  a, 

l_  J Ij 

on  I fb,  ymi  have  to  ljet  i\  beeatis-p  (here's  no  lower  .state  than  the  ground 
.state,  so  a If] * = [).  And  applying  the  <xl  h ta  ^ive_s  you  or  I a 10-  = fK 

That's  rlevnr  herzmse  it^s  j^oin^  to  (Jive  yoi]  a homoLjflnenLLS  diiferentinJ  equa- 
tion (Llual  is,  one  that  equals  zero).  First,  you.  substitute  lor  u: 


<x|a|0>«0 


1 


^ J( 


X T-.e 


Z il 


dx 


0 >=  0 


Then  you  ike  < jrl)  = iy„  ( x \ : 


tfyj. j)  _ „(,*•) 

dx  jrp: 

The  solution  to  this  compact  differential  equation  Is 


Y'J  ■*"]!=  A.  exp 


That's  a i£iussjau  function.  so  the  yjmuml  state  of  a quantum  median ical  1 ia r- 
triujiif  oscillator  is  a Russian  Curve,  as  you  SCO  ill  Figure  4-1. 
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Va  w 

Figure  3-1: 

Thu  yrtiund 
state  nl  a 
quantum 

mechanical  “ 

harmanie 

■■■ 

•m 

If 

ostiiaSDr. 

X 

j 

Finding  the  fmcthn  of  the  ground  state 

As  a gauss i-uii  CLirve,  Lbe  yr&uLid  state  of  a quaritujn  oscillator  is  wh(j£)  - A 

e* |j{=. fVS.rp  ),  I low  can  yO iJ  lijjure  Out  A?  Wave  fuclCliOilS  niust  be  nonualizocL 

so  the  lollowlnt;  lias  to  be  true: 


Substituting  For  vL(-v)  gives  you  this  [text  equation 


1 


til 


-A'  - I 


A exp 


/ ■ 


2x,‘ 


a j 


dx 


1 


= A j"  exp| 


-x  / 


/2jf  : 

J — ^ n 


ilv 


You  can  evaluate  tJiis  iiittLjral  to  be 


i 


= A-  J expf  x/  j ] tbc  = A V jct, 


Therefore 


V 


1 = A It  -r 


As 


] 


i,  i. 

JT  'JV 
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This  means  that  (lie  wave  function  for  the  ground  state  of  a quantum 
mechanical  harmonic  oscillator  Is 


Cool-  Now  you've  not  an  exact  wave  function. 

A tittle  excitement;  Finding  the  first  excited  state 

Okay,  Hie  preceding  section  shows  you  what  ipo(.x)  looks  like.  What  about  the 
first  excited  state,  t|i l(x)?  Well,  as  you  know,  ■ <rl  i>  and  | is.  * <jt|  th,  so 

(|r,Cy)  = I uT  I f>> 

And  you  know  that  a1  is  the  following: 


Therefore,  i|>,(V)  = ■a" l o 1 0*  becomes 


And  because  v„(jc)  - <*■  &>.  you  get  the  following  equation: 
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You  also  know  the  following: 


1 


E-r 


-evp 


L1 


Pi 


Therefore,  yr,  (jt)=—  becomes 

i^p 


What's-  look  Jik t?  Yuli  tiirt  ± *2 c a kJraj.il]  oE  i|r/jr)  bl  Figure  4-2,  \vhurfr  it  lias 

one  rj q d&  (IrruiiitioiL  through  tl'i-e  ri\is). 


Figure  >1-2: 
Tha  firal 
ay.  c 'rta  d 
slate  d1  a 
quantum 
mechanical 
haripunic 
uacillfllur, 


Finding  the  second  excited  state 

All  rifjht,  how  about  linriin^  y^jr)  end  so  on?  You  can  find  i|f;Qr)  from  (hLs 
equation: 


Copyrighted  material 


Chapter  4:  Buck  and  Forth  with  Harmonic  Oscillators 


105 


Substituting  for  o',  the  equation  becomes 


1 

i f 

j'ai i ; 

u,1 

j i /Lq  ^ 

Using  hem  he  po!y»omi&te  to  find  my  excited  state 
You  can  generalize  the  differential  equation  tor  ui„(x)  like  tills: 


r.M- 


1 lV  I..  [ y~-y^- 1 H XAx  2 

2 Vi!  | ' Xf  ^ “*  ; ^ f"  Xr-  * 


To  solve  this  general  differential  equation,  you  make  use  of  the  tact  that 


" i-X2/ 

«q>  X A X : 

V . c«  j 


= 


f ji  \ f i 

-x '/  H */ 

/'tv  - I "l  I / V 

v / n y \f 


H.X-vJ  lh  the  nth  /j ft nn i 1 1!  p o h 'now usl?  wturli  Ls  deEinnd  t I l lh  way: 


H-  ( x)  = (-0fl**p(. )4^exp(-^  } 


Holy  mackerel!  What  do  [ho  tmrmilp.  polynomials  look  like?  Hruk's 

ami  su  on: 

p>  H„(a>  = t 

v * M i Lri  = 2Lr 


**  H-<x)  - -1/  - 2 

v Hi(.r)  - &v'  - 1 2x 

H.,(.x)  = 16V1  - A&C  . 12 
^ H -(a)  = 'Six’  - 1 60* ' - 12tlv 

What  does  ttiis  buy  yuu?  Yuu  ean  express  the  wave  CuuictBCLLs  J-ur  quantum 


medidnieaJ  ttanuOuLe  Oscillators  like  thi^,  u\ih)g  (III:  hmiutfc  polynOitiiaLd  H.X-V)- 


i 


■ '■■■  ■■  F 

1/ 


H 


x '(2n]jrp)  : 


>p 


+ j-  \ 

x ■/  | 

A/  J 


V 1/ 


where  rr.  =. 
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And  that’s  what  the  wave  function  looks  like  for  a quantum  mechanical  har- 
monic oscillator.  Who  knew  it  would've  Involved  her  mite  polynomials? 


You  can  see  what  looks  like  in  Figure  -1-3;  note  that  there  are  two  nodes 

here  — In  general,  for  the  harmonic  oscillator  will  have  o nodes. 


r- 


Ffgurc  <1-3: 

The-  EBcnnd 
excited 
stnhi  oi  a 
cjtlfttifUifll 

mechnnical 

hprmotiie 

eiatillaior, 


m some 


The  preceding  section  [£ves  you  (|r>t{jr)r  and  you  vC  already  solved  lor  E^,,  So 

you’re  on  top  of  harmonic  oscillators.  Take  a look  at  an  example. 


Say  that  you  have  a proton  undergoing  harmonic  oscillation  with  m = -1.SS  x 
1 0" 1 sec' as  s hown  In  Flgn  re  ■M. 


Figure  <t-9: 
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What  are  the  energies  of  the  various  energy  levels  o(  the  proton?  You  know 


that  in  general. 


So  here  are  the  energies  of  the  proton,  In  megaelectron  volts  (MeVjj 


Frl 

_ A G>  - 

1 ,!i0  MeV 

2 

e, 

_ Vm  . 
2 

= '1 50  MeV 

t> 

_ S/rtiJ 
2 

= 7,50  MeV 

E, 

_ 7 c-j- 

= 10,50  MeV 

Anti  so  on. 

Now  what  about,  flip  wave  functions?  The  general  form  of  7„(a)  is 


where  ,v„  = 


/I  J 


. Soya=3JI>;]0  m, 


Convert  all  length  measurements  into  fern  to  meters  (I  fm  * lx  10  m).  giving 

you 3.71  fm,  Here’s  i^Qr),  where x Is  measured  In  femtometers: 


1 


l.H2st 


Here  are  a couple  more  wa\re  functions: 


V* 


v'«('v)=~ 


I 


2.72?t  v* 


*A  7lW('J/27,rJ 


exp 


r -V  / 


X 


/27.5 
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Because  the  harmonic  oscillator  lias  regularly  spaced  energy  levels,  people 
often  view  It  in  terms  ol  matrices,  which  can  make  things  simpler.  For  exam- 
ple. Ihe  ioJlowing  may  he  the  ground  state  eigenvector  (nole  that  it's  an  ini i- 
nile  vector): 


l 

o 

0 

0 

0 

0 


■ 


And  this  may  he  The  lirst  excited  state: 


0 

] 

0 

l) 

0 

l) 


Copyrighted  material 


Chapter  4:  Back  and  Forth  with  Harmonic  Oscillators 


And  so  on.  The  N operator,  which  Just  returns  the  enerjjy  level,  would  then 
look  like  this: 

K = 

0 0 0 0.,. 

0 ] 0 0 ... 

0 0 2 0.,, 

0 0 0 3 ... 
o (t  a o ... 

0 0 0 0 ... 

■■air  i 

a li  ■ a ■ 4 k 

So  NI2*  gives  you 


N|  2 > = 


0 0 0 0.,. 

0 

0 ] 0 0 ... 

0 

0 0 2 0.,. 

l 

0 0 0 3... 

0 

o o a o ... 

0 

0 0 0 0.,. 

■ ■ ■ ■ ■ ■ ■ 

0 

■ 

■ B ■ Sll 

4 J ■ i m m ft. 

■ 

y 
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This  is  equal  to 

N|2>  = 


0 

0 ft  0 0 ..t 

0 

0 

ft  1 rj  o ... 

0 

2 

ft  ft  2 0 r,r 

) 

0 

0 0 0 3 ... 

0 

0 

ft  ft  □ i\  ... 

A V 

0 

0 

0 0 0 0... 

0 

0 

■ ■ wm  mm  mum 

■ 

0 

l ■ ■ ■ l & 

r 

0 

1 ■ mt  A'  mum 

* 

Ij'i  other  wortlja,  N 12*  = 212*. 


flow  about  the  a (lowering)  operator?  Thai  looks  like  this: 


a = 

ft  v'T  i)  fl  P.r 

ft  ft  nil2  U 

0 0 0 Jz  ... 

0 0 0 0 

0 0 0 0 ... 

ft  ft  o n 


In  this  representation,  what  Is  a I l>?ln  general,  a I rr>  m l>.so  a 

should  equal  10:*.  Talte  a look: 


0 

vT 

0 

u 

■ ■ ■ 

0 

0 

0 

Jl 

0 

■ ■ ■ 

1 

0 

0 

0 

... 

0 

& 

0 

o 

■ 1 ■ 

0 

0 

0 

0 

m a ■ 

0 

0 

0 

0 

□ 

0 

1 

■ 

■ 

■ 

B 1 1 

F 

1 

■1 

1 

r 

■ 

■ IK 

■ 

E > = 


n'T 

0 J]  0 0 ... 

0 

0 

0 0 \&  0 ... 

1 

0 

0 0 0 -JS  ... 

fj 

0 

0 0 U 0 ... 

0 

0 

zz 

0 0 0 0 ... 

u 

0 

0 0 0 0 ... 

0 

1 

■ ■ P ■ T ■ ■ 

*■ 

J 

1 1 ■ J J . ■ 

1 p 

1 

■ ■ M ■ ■ ■ Bi 

■ 
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In  other  w'okIs , nl  ]>  *!  just  as  expected. 

So  how  about  the  a (raising)  operator?  Here’s  how  h works  In  general;  o'  n> 
a fff'i  1 V'"J  I ■■  Is,  Tn  matrix  terms,  <7  looks  like  this: 

* wr 


0 0 0 0 ...1 

1 1 

I 

m'T  o oo 

I 

o 4H  o o 

o ri  o 

o n (i  Ja  „.i 

oooo  J 


L -J 


For  example,  you  expect  that  djrl  1> 
Lion  is 


0 

0 

af  l> 

0 

1 

0 

« 1 i 

0 

x/F 

D 

0 

0 

LJ  1 

i 

0 

V2 

0 

0 

ft.  J 1. 

0 

0 

0 

V3 

0 

u .1 

| 

(9 

0 

0 

0 

V4 

1 ■ 1 

0 

0 

0 

0 

0 

■ 1 CM  ■ 

0 

f 

■ 

■? 

p 

r,.| 

■ 

1 

a 

it 

■ 

U.l 

1 

1 

- 

1 

p 

r™  p 

it 

■ 

•j'2  I ]>.  Does  it?  The  matrix  mullopliea- 
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This  equals  the  lollowlny: 


<4>- 


1 

0 

0 0 0 0 ... 

1 

0 

0 

v'T  o o o ... 

] 

M? 
\»  £- 

0 $ 0 0 ... 

0 

0 

0 0^0... 

0 

1 

Q 

0 0 0 ... 

fl 

1} 

0 0 0 0 ... 

0 

■ i 

■ 

■f  ■ p i pm 

*6  i a i i u 

■ 

B a . . a m -m 

- 

Soo'll*  . -it  I2>,  as  it  should. 

Ho1,1,'  about  tafclm(  a look  At  the  Hamiltonian,  which  returns  the  energy  of  an 
eigenstate,  H ln^  = K.  n -•  '■!  In  matrix  form,  the  Hamiltonian  looks  like  this: 


I 0 (>  ft  ... 

0 3 0 0 ... 

0 0 S 0 ... 

0 0 0 7 

0 0 0 0 ... 

0 U 0 0 ... 


« 


1 I I? 


So  if  you  prefer  t hr:  matrix  wav  oE  lookiit^  at  things , rhat"s  how  it  works  lor 
t h-R  harmonic,  oscillator. 


m 
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A Jolt  of  JaVa:  Using  Code  to  Sot Ve  the 


Hun:r£  the  tiuC'-tliiiLi'iisiouaJ  Schrudici^t-r  Lunation! 


-tr  d>(*) . 
2m  d r1 


V ( x ] x ) = Ey  ( x 


And  tor  harmonic  oscillators,  you  can  write  the  equation  like  this,  wliere 


I [■'0 


In  general,  as  the  potential  V(x)  gets  more  and  more  complex,  using  a com- 
puter to  soh-e  the  Schr&dLnger  equation  begins  to  look  more  and  more 
attractive.  In  this  section.  I show  you  how  to  do  just  that  for  the  harmonic 
oscillator  SchrGdlnger  equation, 


In  computer  terms,  you  can  approximate  y(jr)  as  a coiiection  ot  points,  iy|.  ip.,, 
(|rs,  Tjfji.  Tjj-,  and.  so  on.  as  ynu  see  In  Juijisre  4-j. 
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Llach  ]]oinT  alony  qj(’vj  — y?,  qrj,  qr.,.  iy-„  and  so  oei  — is  s^panitttiE  from  its 

ncBLjhbor  by  □ [lisracice.  alony  the  jt axis.  And  because  dqr/Viv  is-  the  slope  of 
qr (x) „ you  can  mafc □ the  approxim-alkm  that 

— a ■■  1 

rfy  A, 


Iji  other  xvonJji,  the  ttl-u [>12-  thi  'dx,  is  approximately  equal  to  Av/Ajt,  which  is 
equal  to  , | — (=  Ay)  divided.  by  fr„  f = Ajt). 

Yon  can  rearrange  the  equation  to  this: 


Ei 


That's  a crude  approximation  lor  v„ . j,  .given  qr,,  5o„  tor  example,  if  you  know 
qr.j,  you  can  find  I he  approximate  value  Ot  i[if„  if  you  know  <t>vf(fx  In  the  refiion 

Of  qj.v 


Yuli  can,  of  course,  find  better  approximations  fur  qrn  ..  t.  Iei  particular,  physi- 
cists olten  use  t I'll:  A'urrreptMi  tiitfurithm  when  solving  the  Schr&dingtr  equa- 
tion. and  that  algorithm  gives  you  qirt . , in  terms  of  qirt  and  v.,-i-  Here  s what 
the  N'umerov  algorithm  says: 


2rrr 

■| 

In  this  equation,  fc;  f .v  | = 

m I 

and  I he  boundary  conditions  are  v(“^l  - w(W)  - h.  Wow.  Imagine  hmdni;  to 
calculate  this  by  hand.  Why  nor  Imvs  it  tip  to  the  computer? 

E-'or  n proton  iinrtnrtjom!*  harmonic  osciJJ.ition  with  ca  = 4_5Sx  Hr  sec  \ the 
esEict  ^rourtd  AUkit  t cl  £ rg  y is 


= l.S(IMeV 
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You  solve  this  problem  computationally  earlier  In  this  chapter,  The  follow lni£ 
section®,  have  you  try  to  get  this  same  result  using  the  Numerpv  algorithm 

U _ 

and  a computer. 


To  calculate  the  ground  stale  energy  oi  the  harmonic:  oscillator  using  the 

Numerov  algorithm,  this  sec  lion  uses  ihe  Java  programming  language,  wh  ich 

you  can  gel  lor  I ree  (ro  in  j ava . sun , com. 


Here's  how  you  use  Ihe  programs  You  choose  a trial  value  of  the  energy  for 
the  ground  stale,  Ew,  and  then  calculate  uQc)  at  tc,  which  should  be  zero  — 
and  If  It’s  not,  you  can  adjust  your  guess  for  E„  and  try  again.  You  keep  going 

until  y(«)  = i)  (nr  iF  rot  actually  0,  a very  small  number  in  computer  terms)  — 
and  when  it  does,  you  know  you've  guessed  the  correct  energy. 

Appwxitiwiing  vi*  W- ) 

How  do  you  calculate  vOO?  After  all,  Infinity  js  a pretly  big  number,  and  the 
computer  Is  going  to  have  trouble  with  that,  In  practical  terms,  you  have  to  use 

a number  that  approximates  Infinity.  In  this  case,  you  can  use  ihe  classical  turn- 

ing points  oE  the  proton  — the  points  where  nil  the  proton's  energy  is  potential 

energy  nnd  it  lias  stopped  moving  in  pre|)aration  for  reversing  its  -rtirenrion. 

V * 

At  eIlc  tummy  points.  .v„  L , = r (i  I l<sT  is,  dll  the  energy  rs  in  potential 
energy),  so  114 


And  this-  is  on  t h-u  order  ul  ±5  Euntum  Lifers  (Eihj.  so  you  assume  that 
should  surely  be  zero  al,  say,  ±15  lui.  Here's  ihe  interval  over  which  you  cal- 
culate v(a_): 

Iv*  .Xtfu  = -15  fill 
-W  -■  15  fm 

Divide  this  50  Em  Interval  5n|i>  200  segments,  making  the.  width  of  each  seif- 
meni,  Jr,,,  equal  lo  (Annr  -Pv|ll)ri)/2flC>  = = 0, 15  fm, 

Ofcay,  yuu're  making  progress.  You’ll  start  by  assuming  that  4/(jrMlill)  = 0.  yucss 
a value  ul  E[1(  and  then  calculate  (because  there  are  2lW  sej*- 

m tc'LlS,  at  x = xll  lxl  which  should  equal  zero  when  yuu  Er.. 
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Here's  what  ihe  results  tell  you: 

Cnnwtfi-  it  abs^v.,,;,)  Is  zero,  or  in  practical  terms,  less  than,  say,  your 
maximum  allowed  value  oE  m l * (O'*,  then  you're  done  — (he  F„  you 
I guessed  was  correct. 

Too  high:  tf  absOpao)  Is  larger  than  your  maximum  allowed  ip,  H'n.n 
(=  [ X.  Hr*"},  and  *p;„t  is  positive,  tlio  irrLcigy  you  cIiosl’  lor  E,j  was  too 
high.  You  have  to  subtract  a small  amount  ol  energy,  AE,  — say  I X 10  ' 

McV — from  vtiur  guess  Ji>r  the  energy;  then  calculate  absC^i*)  again 
and  see  whether  it  s still  higher  than  your  maxim  urn  allowed  ip,  V;t.n- 1 1 
so.  you  have  to  repeat  the  process  again, 

Too  low:  If  abs(Vtts)  Is  larger  than  your  maximum  allowed  ip,  ^r  (w  l x 
id"4),  and  qrs#:i  is  negative,  the  energy  you  chose  for  Ff)  was  too  low.  You 
have  to  add  a small  amount  ol  energy,  ae,  to  your  guess  for  the  energy; 
then  calculate  abs(i)r  ,vlj  again  and  see  whether  It’s  stilt  higher  than  your 
maximum  allowed  ip,  ip™,  if  so,  you  have  to  repeat  the  process. 

vk  l_  _ ■ tm 

So  Low  do  you.  calculate  uslt?  Given  two  Starting  values,  yl}  And  use  M'lc 
NuEtierOV  algorithm: 


Keep  calculating  successive  points  along  ipOO-  'I'l*.  and  so  oil.  The  lasl 

point  is  14.1  - T4i - 


Okay*  you're  on  our  way.  You’re  going  lo  start  lire  code  with  the  assumption 
that  vLi  & 0 and  4.1  Is  a very  small  number  (you  can  choose  any  small  until  ber 
you  like).  Because  you  know  that  ihe  exact  ground  level  energy  is  actually 
l_5L  cvteV,  start  rtie  cod*  with  the  lines?  thar  K,,  = l.49twn(H)  MeV  and  let  rhe 

nomputnr  qatnulaln  I tin  actual  value  using  increments  of  &K,  = \ k ](>"  Me.V. 


[Sole  also  tliis  equation  clppernls  -on  k„(x)\  kn  _ 1 (x)~,  and  , 1 f t)" . Kpre's  how 
yan  can  find  rtmse  values.  wJitre  t^rrM1,  is  the  current  t^Liess  tor  llin  ground 
state  encrj£y  (substitute  rr,  n - L aud  n ■+  1 lor /j: 


mtnz x/  / 

• /_ 


/ 2 


j 
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And  vou  knew  that  K a 4,58  x Iff  sec'1,  so 


= S.6a  x ] n tmJ 

rl 


Therefore.  /? , ‘ (jr, ) = ().05tL._rri<.,.  - ,■>.<53  X ].(rV,\  VI  hRre.f;  Inr  a particular  seg- 
ment j Ls  .t  = jfta  - xMlill. 


Writing  the  cede 

("Miav,  now  I’m  going  to  put  together  all  the  info  Irnm  the  preceding  sec- 
? ™ m m 

tinn  into  Fioim?  Java  code.  You  star!  ivirh  a Java  class,  sp  (for  .Srhmdin^pr 
LquaTlnn),  in  a File  you  namF  spjrrnr?: 

public  claaa  ae 


} 

Then  you  sel  up  rtic  variables-  anil  constants  you'Jl  need,  Lnclucliny;  an  array 
For  the  values  you  calculate  lor  (because  to  Find  i|jn , h you'll  have  had  to 
store  the  already-calculated  values  o(  ijrri  and 

public  class  se 

C 

double  p s 1 f 5 ; 

do  Lib  1 a ECUKT^t; 

do-uble  Emin  « 1 . 4 3 0 
double  KMin  ® -15 . r 
double  xMa = 15  , r 

•d 

er/o ; 

.double  EL^leti  = 0 . DDOgaOl  ; 

double  in^xPal  = 0 . DDdQaOGl  r 

■ 

int  r.umb-erDivisionE  « 200; 


} 

The  se  class's  constructor  gels  run  first,  so  you  initialize  values  there,  includ- 
ing ijj,j  (=  HfCJrnlin)  = 0)  and  (any  small  number  you  want)  to  get  the  calcula- 
tion going.  In  the  main  method,  called  after  the  constructor,  you  create  an 
object  of  the  se  class  and  call  it  calculate  method  to  get  things  started: 
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double  paif]? 
double  ECurrent; 
double  Era. in  « 1.490; 
double  xMin  = -15  - : 

doubl  e xM ay.  = 15  . ; 

doUbie  hZeio; 

double  EE^elta.  a 0.0000001; 


doubl  e 


II 


0.00000001 r 


int  rjombe rD iv  i s i on  s w 200; 


public  ae ( } 

t 

•j 

ECurrent  - Emin; 

psi  “ new  double  [murtberUivi si or.s  +■  11? 


Hi 

i 


[0] 
p*i r i l 


hzero  = 


0? 

-0. COOODOOOl? 

’Dl  vl  a icj;i  si  J = ! - ‘0  r 
iJyHasf  - / ^utnber Divisions.: 


public  static  void  2*ain{5trijisr  {]  argv) 

C 

ae  de  = new  se  ( J ; 
de . calculate ( ) ; 

u 

I 


> 

The  real  work  Takes  place  in  the  calculate  /nethwl,  where  you  use  the  current 
guess  for  [lie  energy  arid  calculate  i|J 

t"1  It  abs(ijf;W)  is  Jess  than  your  maxiitluth  allowed  value  of  q/,  yllljSl  you've: 

found  the  answer  — your  current  guess  for  the  energy  Is  right  on. 

n"  If  ab.s(Hfjl,,0  Is  greater  than  f and  1^,,  Is  positive,  you  have  to  suhtracl 
iiE-  from  your  current  guess  for  the  energy  and  try  again. 

v*  It  abs(if-.iftil  Is  greater  than  qr_,.^  and  ip?w  Is  negative,  you  have,  to  add  AF 
to  your  current  guess  lor  the.  energy  and  then  try  again. 
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Here's  what  all  this  looks  like  in  code: 


public  void  calcitflfttsH) 

C 

whi  1 e i;  Wa  Lh . nba  ( p a i [ number  Livi  sdpna  J ] > maxPa  i j ( 
for  (infc  i « if  1 visions i++)  [ 

psi[i  4 l]  n calculateMexiPsi  ( i J ? 

J 

If  ( p n i [ niimhr. cDivlSrifip  ri } > □ . C! } f 
ECtltXen.ll  = ECuiXent  fi  EDcllaj 

> 

else  I, 

E Current  *c  ECurrent  + EDelta.; 

) 

System. out . pHne.inliPaiSPO  : 1 + p = i[|iU:mber;Pivisi.nn=:l 

+■  L E:  :1  + round { ECU c:  itnt ) ) ■; 

) 

System*  cut print  Ini  i\nTL-s  ground  state  energy  i 

l-  ■ 4 ^ i. 

round { ECurrent ) 1 i Me  V r, i ) ; 


s i + 


•fi 

j- 


Note  that  the  next  value  of  w (that  is,  ip„  P j)  is  calculated  with  a method 

named  Here's  w h e re.  you  i,lsp  the  [\\imergv  algorithm  — 

Ljiven  i|«iin  qrn  _ h you  ran  calculate  ijr,  + 

public  double  oalculaceHextPal {iut  n) 

t 

■double  K&gNHi  nusOne  = caloulnteSEguaxedCn  « 1}  ? 

■double  KS?qM  - caiculateKSquarecl  [jiJ  ; 

double  KSqNPlO^Ono  - c it  1 c v 1 -t t c K S qy n t c i t n + II  ? 
double  nexcFsi  - 2.0  + (1.0  - [5.0  * hZero  *■  h2ero  * 

XJSqM  / l£h0}>  * psl  [nf  r 
nejctFsi  «.  nextFgi  - (1.0  + (hZero  * hSero  4,1 

KSqtfKinusdne  / 12.0]}  * psi[n  - 1]  ? 
nestPsi  = neKtP-si.  /{l.O  +■  (hZero  * hEefo  * KSqNPlusQne 

/ 12.P)); 

re torn  n ex iFsl ; 

n- 


Finally,  t'LOk"  that  to  calculate  iji M h ,,  yCiu  cited  A:,,,  A,._^  acid  .A:,, „ ]p  which  vim 

find  with  a method  named  ctiictttQtekSQu&rtd,  which  uses  the  numeric  values 
you’ve  already  figured  out  lor  this  problem: 


publi  c dciur-le-  on  1 c^.l  iSatr-KSquarfedf  h nt  rij 

t 

double  x = fbSero  + nj  + xHln; 
return  (({0-.G5)  * ECurrent!!  “•  [ (x  * 


jrj 


5 l 63  e~  3 ) J $ 
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Whew.  Here’s  the  whole  program,  sejcvo: 

public  cl^pr.  !jc 
{ 


double  pain? 
double  ©Current; 


double  Emin  w 1,45 Or 

double  pcWin  = — 1,5  - r 
double  xMflX  = 15.  r 
double  liSeto? 


double  EE^lta  w 0.0000001; 
dauble  maxPsi  & 0.00000001; 
int  DumberDivisidns  = 200; 


public  ise  { } 

f 

ECurrent  Emin: 

psi  h new  double  [nmriberM-visi  otis  -+  1]? 
psi [0]  = 0? 

psifll  = -O-G0OODDPO1; 

pal  LbutnberDlviisicjLa  1 = 1.0? 

hZero  = >;  mH a x - sMin)  / niMberDiviai*n.s; 

} 


public  static 
[ 

ae  da  = new  se() 
de . calculate f ) ; 

J 


id  znain  {String  []  argvl 


public  void  calculat®f) 

f 

while  i‘ Ms  th  _ abs  (p a i [ numberDivi  ad  one  J J > maxPa i J C 
for  {int  1 = 1?  i ^nmLj&srDl^siona  r I++)  { 
ps  i [ i t 1 ] •=  cal  co  la  teNextFs  i ( i } ? 

J 

if  (psi[nuTTtberDivi^ion5l>  0,0)  { 

ECurrent  = E Current  - EDeltuj 

) 

else.  C 

©Current  = E Current  t KDelta; 

) 

Sy s tem  - -Pitt . prin  t Iti  l iPsiS-OO  i i + psi^  n^mhttDivi 

+ 1 E:  i + round  {ECur  rent) ) B- 

System. out apr±nt!n{i,\nTibe  ground  state  energy  is 

round  f E Cumin  t /■  + i MbV,  I) ; 


s J 


i +■ 
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public  double  caloula^eKSquaredidnt  n} 

[ 

double  it  = {tozera  + n)  + xHin; 

return  <<(0,05)  * ECurrent}  - { (x  * * 5„6^&-3)); 


public  double  cttlcul^eNextFsi'i  ir-t,  ji} 

C 

double  KSqHMinueOne  = calculateKSquare-di{ii  - 1}  -r 
double  KSqH  = calciilateKSqiiared  [n)  r 
double  KSqHPluffOfie  * caleHiIateK3quar*edi{  n + 1]  r 
double  n&xbP^i  = 2,0  *[lr0  - {5,0  * h&ero  1 h£ero  * 

ESqW  / * p*i[nj? 

JlKJCt'P-li  = QKK  tp_li  - I X - o 4-  {.hZfiTTP  * h7,RT7D  + 

KSqNKl tiusGne  / 12.0)]  * psl[n  - 1]  ; 
nextFsi  * nextFsi  /(l. 0 +■  fhZer-o  * hZero  *’  KSqlvPlusOne 

/ i a.om 

return  nexbP^i j 

i 

public  double  round  (double  val) 

r 

double  divider  « 100000; 

v.t l = vfll  * divider; 

double  temp  = Math „ Hound (val ) ; 
return,  (double)  temp  / divider; 

a 

i 

i 

} 


Okay,  now  you  can  compile  the  code  with  javac*  Lhe  Java  compiler  (1C  javac 

Isn't  In  you r computers  path,  be  sure  to  add  the  correct  path  to  your  com- 
mand-line command,  such  as  C = 


Vj&VnAbinA  jaVap  5'r. . j «RVfl"b 


C : > Ja  vtic2  ae  . j a \f tL 


1'his-  cre-afps  .sp.rfara  from  .wjnva.  rind  you  can  run  .w . eta xk  with  Java  itselF 
(addi]]^ the  correct  path  il  needed}: 

C:>java  se 
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When  you  run  the  Java  code  for  the  harmonic  oscillator  5c  hrodlnger  equa- 
tion, It  displays  the  successive  values  ol  ft*  ^ adjusts  the  current  guess 

for  the  eneryjy  as  It  narrow*  In  on  | he  right  answer— = which  h displays  at  the 

Rrid  nt  the  run.  Herpes-  what  you  sep: 


C :> java 
PSr200; 
P 5 1 2 00  ; 

PS  1200: 

PSTSOO: 


sa 

-lBO503Sfl4O37337778E-4  E:  1,43 

«lt05035442;32953O3E-4  E:  1.49 
-i„ C5Q34443 GF5533JCSE-4  Es  1.45 
-1-050*344504260495^-4  E;  1-4S 


F5I200 

PSI2P0 


PS.I20O 
FS12O0 
F5I2O0 
P5I 2 0 0 


PSI20O 
PST2QQ 
F5I200 
PS 12 00 
*■51200. 
P3T2 P 0 

PSI20O 
PST2 □ 0 
P5I2O0 
552200, 
P52200 
P3£2PPi 
PS” 2 p 0 
FSI2PP 
P522 0 O 


PSI2Q0 

PSI20O 

PS2200 

552200 

5522O0 

551200 

PST20O 

PS22PO 


“6 

-5 

-5 

-s 

«5 

w ^ 

-5 

-5 

-5 

®5 

~5 

-4 

-4 

-4 

-4 

*-4 

-4 

-4 

-4 

-4 

-4 

“3 


■ 12 8 2 O'® 73 B1 43 24 E® 6 E;  1 .50056 
-C5112752:;I35SS5!SE-B  Es  1*30004 
,93m«4'330755«B-B  E=  1,30006 

. B3 6 9 65  1 S 0 6 D Q 0 1 5 E - E:  JHz  1.50066 

.730aS39794«1778E---B  E=  1*S*0BS 

.6428O2^151212084E-S  Ei  1.50066 
*54572 15252 89922 4E-B  Ei  1.50066 

.44EIB4C80665199S6K-B  E-  1.50D66 
.3S1,S$97022D1636E-E  E:  1,50066 
. 25447S723P7633SE-B  E: 

.15739 7714526 237E™8  E: 

.060 3 1630101 220 2E“6  B: 

. 96 3 2 35 34172 5704 E-^G  E; 

.fl6615d915227413E-B  E= 
-'769074O419271214E-B  E: 


1.50066 

1.50066 

1 . 50066 
1 . 500GG 

1*50066 
1 .50066 


4BS 


-3 

-3 

-3 

_rj 


j 

3 

1 


. 67 19 9 3 2 0 52 6 9 19 4 4 E -B  E:  1 . 50066 

.57491236B974434E-6  E:  1.50066 
.47733 153225 375 05E-®  1*50066 

.3eO7507SO476514E-®  K;  1.50066 

. 2B367C057B3992E-S  1:  1,.  50066 
.If 65S934S2r?5'7Sli-B  E;  1.. 50066 
.DB95055S711B4P54E-B  E:  1.50066 
.39242753522620lE“8  B:  1.50066 
.e953472O73066213E-f  E;  1,. 50066 
.79026665057731E-S  Es  1.50056 
.7011B60355D2B25E-E  E:  1.50066 

. 6D4105453.62D266E-B  E:  1.30066 
. SO7024f4:}S099l4E-l3  E:  1.50066 
.40994442I7875174E-8  E-,  1.50066 
,3128639115e9194E-e  E;  1.50066 
. 21 5 7 3 3 471 9 9 6 1 8 15E- 6 tts  1,50066 

. 11B7P3OOs:9902356E-6  E:  1.50066 
.D2l62261939ib36E-E  E:  1.50066 
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£51200 
F5  f 2 0 0 
P3I2QO 
PSX20O 
FST20Q 

psrs  o o 

PS 2 200 


PS  1 2 □ O' 
PS22DG 
FSI2O0 
P 512 00 

P5-200 
P5I200 
PST2DO 
PS 1200 

psrloo 

PS 1 2 0 0 
P 51200 

psrsoo- 

PSX2DO 


-2 


« V 


2 

2 

2 


bS245421£B5I36167S-B  Ei  1,50066 
- S 274  61817  237  5 2 S5E«B  1;  1.50066 

.73033 153443697O3E-0  E:  1.30066 
.6333Q1156DG9577E-E:  E:  1.30066 

1..  S0D66 

1 . 50066 

1 . 50066 

1 . 50066 

1 . 50067 
X.  50  D 

1 . 50D 67 

1.50067 

1.50067 

1 .50067 

1.30067 
i . Sod &7 

1.50067 

1.50067 
1.50067 

-1-OBOO’1971427333S3E-B  Et  1.50067 

-p_  B293979S525632E-£  E : 1.50067 


-1 

-1 

-1 

-1 

- 1 

-1 

-1 

« 

-i 


.S3e22C-S83ebld3dSE-B  E 

.439140S32065814E-B  E: 
,342060424623 075E- 6 E; 
,24493&22196075$E"B  Es 
,1479aC005147249E-B  E: 
.050019  323.56225  3 2E-E  E 
. 993739 Y616B23192E-B 

,85665S6602666105E-!6 
,75957952 BG272332£"6 
, 662499470377955&E-6 
.565al946lB920€2lI-B  E: 
.46B3394?3D03642«3E-B  E 

.371259459t03*l«5E-6  E 
, 27417S5159638537E- 6 £ 
, 17709962296 6343E" 6 E; 


E 

E 

£ 

E 


The  ground  atace  energy  is  1 ..50067  MeY. 


And  there  you  have  a — the  program  approximates  the  ground  state  energy 
as  1,50067  McV,  p retry  darn  close  to  !he  value  you  calculated  theoretically 
belore:  1 ,50  MeV, 


Very  cool. 
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The  5,h  Wave  By  Rich  Tennant 


“Great— dit  ter  entiat  equations  ’brought  us 

Neviton’s  Lavt  o£  'Universal  Gravitation, 
jfexwell^s  iield  equations,  and  novr  Stuarts 

Rate  ot  Hair  Loss.'1 


filn^s  that  spin  and  rotate  — that's  the  topic  of  this 
part.  Quantum  physics  has  all  kinds  of  things  to  say 
about  how  angular  momentum  and  spin  are  quantized, 
and.  you  see  it  all  in  this  part. 
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In  This  Chap  ter 

|h  Angular  momentum 

Angular  momentum  and  the  Hamilton  ian 
Mntriv  nfpresent^tL-nn  qE  anjjulpr  momentum 

h*  Eigenfunctions.  of  angular  momentum 

* ****«  + « ********v-fi'4*<&tifr*4fr  + **4v#*  **«*  + **  + *#«**** 


jf  n classical  mechanics,  you  may  measure  angular  momentum  by  attaching 
4 a golf  ball  to  a string  and  whirling  It  over  your  head.  In  quantum  mechan- 
ics, think  In  terms  of  a single  molecule  made  up  of  two  bound  atoms  rotating 
around  each  other.  That's  l he  level  al  which  qtiantum  mechanical  effects 

become  noticeable.  Anri  at  that  level,  il  turns  nut  that  angular  momentum 
is  quantized.  Anti  since  that  has  tangible  results  in  many  cases,  such  as  the 
spectrum  of  excited  atoms,  it's  an  important  Topic. 


Besides  having  kinetic  and  polculial  energy,  particles  can  also  have  rvUiSionaf 
eiTCJiiv.  Here's  whai  the  Hamiltonian  (Total  energy  — see  C liapter  4)  looks 

like: 


Here,  L Is  the  angular  momentum  operator  and  [ Is  the  rotation  moment  of 
Inertia-  What  ate  the  eigenstates  of  angular  momentum?  If  L Is  the  angular 
momentum  operator,  and  i Is  an  eigenvalue  ol  L,  then  you  could  write  the 

following; 


Incomplete! 


But  that  turns  out  to  be  Incomplete  because  angular  momentum  Is  a vector- 
in  three-dimensional  apace  — and  It  can  be  pointing  any  direction.  Angular 
momentum  is  typically  given  by  a magnitude  and  a component  in  one 
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direction,  which  Is  usually  the  Z direction.  So  In  addition  to  the  magnitude  i, 
you  also  specify  tlie  component  of  L In  the  Z direction,  L;  (the  choice  of  Z Is 
arbitrary  — you  can  just  as  easily  use  the  X or  Y direction), 


If  the  quantum  number  cA  the  Z component  of  the  angular  momentum  ig.  des- 
ignated by  sn,  then  the  complete  eigenstate  is  tfiven  by  If.  so  the  equation 

becomes  the  luJ]omrii|: 


That's  tin:  kind  ul  discussion  about  eigenstates  that  t cover  in  this-  chapter, 
and  | bepiii  with  a discussion  of  annulir  JilOiiLuntuirt. 


Take  b look  at  Figure  5-1,  which  depicts  a disk  rotating  in  313  space.  Because 
you’re  working  in  333,  yon  have  fn  with  vectors-  to  represent  both  magni- 
tude and  direction. 


Figure  5-1: 
A rotating 
disk  with 
angular 
momentum 
vcct-c  r L, 
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As  you  can  see,  the  disk's  angular  momentum  vector,  T , points  perpendicular 
to  the  plane  of  rotation.  Here,  yon  can  apply  the  right-hand  rule:  II  you  wrap 
your  right  hand  In  the  direction  something  is  rotating,  your  thumb  points  In 
t he  d I rec  don  of  the  I-  vector. 


Having  the  L vector  point  out  of  the  plane  of  rotation  has  some  advantages. 

For  example,  it  something  is  rotating  at  a constant  angular  speed,  the  L 
vector  will  he  constant  in  magnitude  and  direction  — which  makes  more 

Smlsc  Ilian  having  the  L vector  rotating  ill  the  plane  of  the  disk's  rotation  and 
constantly  changing  direction. 


Because  L is  a 3D  vector,  it  can  point  in  any  direction,  which  means  that  it 
has  x,  >v  and  z components,  r,..  lr  and  (which  aren't  vectors,  Just  magni 
(tides).  You  can  ace  h-  in  Figure  5-1. 


L is  the  vector  product  of  R (position)  and  P (L  = R x PJ.  You  can  also  write 
Lri  and  k-  at  any  given  moment  in  terms  of  operators  like  this,  where  P^, 

P„  and  P.  are  the  mnmflnfjjm  (tppmtorx  (which  return  the  momentum  in  the  Jf. 

fi?  " ^ 

y,  mid  2 di ructions ) dntl  X,  V,  and  Z Art-  tliO/Jiisi^'orr  Op vrti toy  (which  ruturn 
tJ'it  position  in  tJitx  yt  Eiild  2 directions)! 


p*  L,  = YP,  - ZP, 
v*  L,  ■ ZP « XP 


kf 


- yp  _ 


YP 


You  can  write  The  momentum  operators  P,.,  and  P_  as 


■i  « 

■ 


r.Lv 


Therefore,  substimtinij  these  operators  in  the  atid  L_  equations,  yon 
nan  write  the  cqunrions. 


^ L.  = — flr| 

Y-J — 7.^-  \ 

Hz  ^ rly  J 

■ 

is*  L f = -<ft| 

Nirx£) 

X *?  Y-f  1 
dy  <!* } 
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First  oxEimiije  L,,  L,_  mid  by  taking  a took  is t how  thiy  commute;  It  fcJity 
L:  0 1 i'l  i'et  utc  (for  example,  if  [L,,  L,]  = if),  then  you  can  measure  any  two  of  t Jit  in 


(L,  arid  L, , lor  example)  exactly.  If  not,  then  they're  subject  to  the  tm tv riuin iy 

reiuiiotr  and  youean’l  measure  them  simultaneously  exactly. 


Qkav,  so  what's  the  commutator  of  Lr  and  L, ? Using  Lt.  h YP--ZP,,  and  L n 

r ^ * J J 

ZP..-XP.,  yt?u  can  write  (tie  following: 

|UfTll  = |VPr-ZPl,7.P,-XP,i 

_*  n m m ^ 

You  can  write:  This  fiqnnlion  as 


Lf]  = |YP,.  2PJ  - [Y.P*  XPJ  - [ZP„  ZPJ  - [ZP„  XPr] 

Y ■ ■-■ 

3 Y[P,,  ZP.jP,  + X[Z,  P,T]P, 


Blit  XPT-  YPt^  L:,  so  [U,  L,  I s rftL:.So  L,  and  L.  don't  commute,  which  means 

* I " LG  L w " B*  I ■ * 

that  you  can’t  measure  them  l>oth  simultaneously  with  complete  precision, 

Y n 1 1 can  also  show  that  |L,  L.|  = ifiLT  and  |l._  I I = jti I 

j ® ^ rtf  jp 

Because  none  ol  I Ilf  components  oF  zmiJuUr  momentum  comnuile  with  each 
other,  you  czm’t  measurR  any  two  sLirmlianponsly  with  rotnplnle  precision. 
Hals. 

That  also  means  that  the  L,„  Lp  and  L,  operators  can't  share  the  same  eigen- 
states, So  what  can  you  do?  How  can  you  Find  an  operator  that  shares  eigen- 
states with  the  various  components  of  L so  that  you  can  write  the  eigenstates 
as  I f, 


The  usual  trick  hen*  is  that  the  square  oE  thn  angular  momentum,  L\  is  a 
scnJ.ir,  no*  a vector,  so  it’ll  commute  with  the  L„  L1?  and  L_  operators,  no 

r 

problem: 


I^[L=.LJ  = » 
^ [ Lr,  L.J  - 0 
^ [ L::,  LJ  * 9 


Okay,  cool,  you're  making  progress.  Fecause  L„  L,.  and  L:  don't  commute, 
you  can't  create  an  eigenstate  that  Lists  quantum  mini  tiers  for  any  two  of 
them.  Rut  because.  ] 1 commutes  with  them,  you  can  construct  eigenstates 
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that  have  eigenvalues  for  L'  and  any  one  ol  L,.  L.,  and  L;.  By  convention,  the 

direction  that's  usually  chosen  is  1... 

■ 


Now’s  the  time  to  create  the  actual  eigenstates,  l/,  m>,  of  angular  momentum 
states  in  quantum  mechanics.  When  you  have  the  eigenstates,  you'll  also 
have  the  eigenvalues,  and  when  you  have  the  eigenvalues,  you  can  solve 
the  Hamiltonian  and  get  the  allowed  energy  levels  of  an  object  with  angular 

momentum. 


Don  t make  the  assumption  fliat  the  eigenstates  are  I/,  ni--:  rather,  say  they're 
I a,  ji>,  where  the  nigeuv-aDue  of  L"  in  L"  In.  (1>  = ft'al  ct,  p>.  So  the  eigenvalue  ol 
L"  is  JTnc,  where  you  have  yet  to  solve  lor  ct.  Similarly,  the  eigenvalue  of  L.  is 

L.lct,P>  = flpia,  B*. 


To  proceed  further,  you  have  to  introduce  reusing and  lowering  operators  (as 
you  do  with  the  harmonic  oscillator  in  Chapter  4).  That  way,  you  can  solve 
for  the  ground  state  by,  for  example,  applying  the  lowering  operator  to  the 
ground  state  and  setting  the  result  equal  to  zero  — and  then  solving  for  the 
ground  state  Itself. 


In  this  case,  rtm  raising  operator  is  L+  and  the  lowering  operator  is  L.  These 
operators  raise  and  lower  the  L.  quantum  number.  In  n way  analogous  to  the 
raising  and  lowering  operators  in  Chapter  4,  you  can  define  the  raising  and 

Lowering  Operators  this  wav: 


It*  Raising:  Ll  “i  L,-  + rL, 

**  lowering:  U»U”fL, 
These  two  equations  mean  that 


You  can  also  see  that 


LL_  = L*  + L.f  - liL  = L"  - L,*  - ftL, 
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m Part  III:  Turning  to  Angular  Momentum  and  Spin 

That  means  the  lolloping  are  all  equal  to  L2: 

It*  \}=.  Uk+  iJ’-Jrk. 

%l 

f*  L2  = L.L.  t i_J  WiL: 
v*  L2  = 1 (L , L_  + L.U)  ♦ L.2 

You  can  also  see  that  these  equations  are  true: 

It"  [ l\  L ] • 0 

t*  [L.,L.]-2iiL. 

^ | L.,  LjJ  = ±AL. 

Okay,  now  you  ran  put  all  This  to  work.  You 're  getting  to  the  good  .qtijll. 

Take;  a look  at  the  operation  of  L on  la,  p^-: 

U".  J5>=7 

To  see  what  L lflt  P>  Is,  start  by  applying  the  L:  operator  on  It  like  l his: 

Ltl,.lapp>-7 

l*  ram  [L_.  Lt\  = ^iL,  you  nan  see  that  L.  L,  - U L . = fiL,,  so 
L.  la.  p*-  = L<  L Jo:,  p>  ■*-  I a,  p=- 
And  because  L I rt,  p*  = p.  you  have  tile  following: 

LLJn,  p>HJk(|»4  ]}LKP> 

This  equation  means  that  the  eigenstate  L.  I u6  |S>  Is  also  an  eigenstate  of  the 
r,,  operator,  with  an  eigenvalue  of  f|j  i i,j.  Qr  in  a more  comprehensible  way; 

LJn,  ]S*  =t\n,p  t lv 

where  c Ln  a tuns  taut  you  (kid  talur  ick  "Finding  the  Eigenvalues  ul  the  Raising 

and  Lowering  Operators.'* 

So  the  L operator  has  the  effect  of  rasing  the  p quantum  number  by  I. 
Similarly,  the  lowering  operator  does  UlIs : 

p>  -€lurfj-  1> 
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Now  take  a look  at  what  L'L,  I n.  IS*  equals 


I } ] n.  |J>  = ? 


Because  L"  is  a scalar,  it  commutes  with  everything.  LJ  L,  -L  L'  = 0,  so  this  is 
true: 


L’ L I w.  <=  L.  Lrl  nr  (3> 

r,  . , 

And  because  L I n.  |S>  « 4^ In,  p*.  you  have  the  following  equation! 

L?  L.  I a,  |S>  m at?  U | ft,  «> 

va-  Lf 

Similarly,  rtin  Inwnriny  operator,  L_,  givE&  yon  this: 

L“  Ljre,  = rcfi2  Lj  rc.  [i=- 

So  tJi42  rusullii  ol  these  equal  I mis  mean  that  rhe  L.  operators  doci/t  L'harLjJe  the 
re  eigenvalue uJ  Ire.  (J>  at  alL 

Okay,  ao  Just  what  are  u.  and  [V?  Road  oil. 


The  eLLjrj]]vaJuei5  o£  tin:  angular  momentum  -are  the  possible  values  ILlu  ±mgju- 
U»-  icloui lzllIu  1I1  Ciil  take.  fid  they're  worth  i hiding.  LetL«a  take  a L-lhj-Jc  how  lo 

do  jus  t tJlllfc . 


BeriOing  eigenstate  equations 

Mth  P,*OT  P*i« 

thfU  k“  - l.-“  = ],/  + which  Is  d positive  number,  [~  - I £ it.  That 
means  that 

^re.  pIL2-  L/  I ik,  p>  £ fl 
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Part  III:  Turning  to  Angular  Momentum  and  Spin 


And  substituting  in  C il,  a nfl’and  L:  I rt,  B>  & jjfi  gives  you  this: 


<n.  pi].'  - iJ  l«„  (Jv  = li!(rt  - |T)  ^ n 


F| 

Ther^orp.  « £ |i“_  So  there's  a masiriuiia  possible  valua  ol  |3-?  whiirh  you  can 
naJ]  liM11_,- 


You  can  be  clever  now.  because  there  has  to  be  a .stale  I tc.  plrtil*  such  that 
you  can't  raise  |i  any  fii ere.  Tiros,  if  you  apply  the  raising  -operator,  yon  get 
zero; 


U I ]S idk^  03  0 

Applying  rtia  lowering  operator  to  Thia  also  gives  you  zero: 

ULja,p1MT>=0 

A]]d  because  L_L  = L‘  - L-2  - flL_,  that  menus  rhe  follow  iug  is  I rue: 
(L/-L:Vl>L:)l  rt,  PlllB>.0 

Putting  in  L a,  |y.|:iJp  • oiy  and  L* I «,  ;|Sv>  a |SlllkI#i  gives  you  this: 

(fl  “ fSl|.V3  " I W1^  n A 
<*■  = Pr^-OJ,™  + 1}  = d 

Cool,  now  von  know  what  \s.  is.  At  this  point,  it  s usual  to  rename  ns  ( and 

p ns  rrr.  so  I a,  [is  becomes  I i,  m*  an-d 


Von  can  say  even  more.  In  addition  to  a fi^T,  there  must  also  be  a |5lhlI>  such 
thai  when  you  apply  the  lowering  operator.  [_,  you  get  zero,  because  you 
can’t  go  any  lower  than  |5,|M„: 

L 1 1.  P „*  = 0 

And  you  can  apply  L op  this  as  well: 

L.  L 1 1 (1, * = 0 


^ = W ♦ I ) r I /,  rrr- 


v L-H  nte 


, /7i> 
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Fro  m LLr  h Ll:  - L.‘  - &L:.  yon  know  that 

5 nr 

( ir  - iJ  - fil  _)  I ra,  = tl 
which  Ljives  you  the  fnllmving: 

(«  - IW  * = 0 

*E  “ Piiiln  *"  Pin  lit  ” ^ 

•‘S' 

w * PrtiliY  "PitiM-j 

^ " PiainCPijaLii  ™ 0 

Anri  rrvmparinH;  This  equation  to  ra.  = |lw,^j(&iniJ.  + I)  = 0 ijives-  you 

_ V V ^ u ■ <•'  I «4_ 


IVoEc  that  because  you  reach  I a,  pmSn>  by  n successive  applications  ul  L_  on 
I C4,  p m ^ , yuu  get  the  following: 

P/.-LV  P -H, + " 


Coupling  these  two  equations  gives  you 

(Uv  = ah 
■ 

Therefore.  [i1M:LJ  can  he  cither  an  mtegnr  or  Imlf  an  iEttp.ger  (Vie  ponding  on 
whether  r is  oven  or  odd}. 

Because  I = pi:iiiA,  Hi  = P_  and  rc  is  a positive  number,  you  can  find  that  -/i  hi  £ i*_ 
So  now  you  have  il: 

**  The  eigenstates  ate  I tP  tn>. 

The  quantum  number  of  I h e total  angular  m omen  turn  i 
The  quan  tu m n umber  of  | h e angular  mo mentum  alon^  | h e z a.v Is  is  nh 
v*  L“l  I,  = IQ  + l)  I,  m>,  where  i - N. '/?,  1 . Va, 
v*  LJ  tr.  nt--  = ml  L m>.  where  hi  = -I,  -U - L),  I - ],  /. 

tM  j j j f ■ ■ i m 

V*  -I  Si  Hi  < i 


For  each  /r  there  are  2i  •+■  1 values  of  r.u.  For  example,  if  / = 2.  then.  rti  eau  equal 
-2*  - I,  0,  18  or  2.  If ! ® 4/2,  then  rrr  can  equal  -Yj.  -7fr  lh. '%  and  :\h< 


Part  III:  Turning  to  Angular  Momentum  and  Spin 


Yon  can  see  a representative  L and  L In  Figure  5-2.  L Is  the  total  angular 
momentum  and  L Is  the  projection  of  that  total  angular  momenlum  on  the 
2 axis. 


Here's  an  example  that  involves  finding  Lite  rotational  energy  spectrum  of  a 
diatom Ic  molecule.  Figure  5-3  shows  Ihe  setup:  A rotating  diatomic  molecule 
Is  composed  of  two  atoms  with  masses  m , and  m..  The  first  atom  rotates  al 


r-  ru  and  the  second  atom  rotates  at  r = r;.„  What's  the  molecule’s  rotational 
energy? 


Figure  5-3: 
A rotating 
diatomic 
me  !b  rule. 


The  Hamiltonian  (as  you  can  see  at  the  chapter  Intro)  Is 


I 3s  the  relational  moment  flf  Inertia,  which  is 


where  r = I r — r/  and  ^ ^ 

a - * m,  + m. 


Because  3.  = Iw,  I.  = [ir 


rherefote,  the  Hamiltonian  becomes 
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Part  III:  Turning  to  Angular  Momentum  and  Spin 


So  applying  the  Hamiltonian  to  the  eigenstates,  1 1 gives  you  the  lolloping: 


L 


2 


7 Lift 


rt  ^ 

■SJJJT 


,^nd  as  you  know,  L“  If.  * f(f  * ])fl!  If,  rn>,  so  this  equation  becomes 


Hlf.m 


L 


: 


Zf.i  r 


rf,fl>  >= 


2fff 


I'. 


m- 


And  because  H i I.  hi*  = E t,  m -■  „ \ou  can  see  that 


F = 


t(t  + I)A 

2/jr 


And  that's  die  energy  ns  a function  ol  /,  the  angular  momentum  tiuantuni 
number. 


This  spcMoei  L-rniks  M Binding  The  eigpnvalnps  nf  The  raising  and  Emvering  angu- 
lar mnmenlum  operators.  which  raise  and  ]owp.r  a state1*  s z rompocient  of 
anguJar  momentum. 

Start  by  taking  a look  at  Ltf!  acid  plan  to  solve  for  c; 

LJ  J,m*  » cP/.  fl?  + l> 

So  U/.  /»=-  gives  you  a new  stale,  and  nuiltl plying  that  new  state  by  Its  irans- 
pose  should  give  you  C : 

(L,  I nr>yLf  1 i',  m=-  = c1 

J'u  sue  tliis  cc|L]atiocL,  note  that  (Ljl,  m*)TL_  I L tjj s-  = c2  = l,  m + I I-  in  - ]>  - r". 
Ou  rhc  other  liEmd,  aJso  note  thatfL.  I /.  m>yL, . j1,  jjj?  = < /.  jai  I L L_l  f7  m*,  so 

you  have 

W,  m I L...  L,  1 1 m>  #c‘ 
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Chapter  5:  Working  with  Angular  Momentum  on  the  Quantum  Level 


m 


What  do  you  do  about  L,L7  Well,  you  see  earlier  In  the  chapter.  In  "Creating 
the  Angular  Momentum  Eigenstates that  this  is  true:  U I - = 1/  - 1.:"  + AE,-, So 

your  heroines  the  following: 

<1  m I L"  - L_~  + fiL_N,  m>  = r.~ 

Great!  I hat  m-caiiE  that  r is.  ccpas!  t-Q 


c « (4  m I L : - L ' + f\ L- 1 /.  m*) 


\A 


So  w'hal  Is  Qct  m I L - L;'  + r?Lr|  m V)  s ,7  Applying  Ihe  L"  and  L:  operators 
gives  you  tills  value  for  c: 


c = h[  iO  + ])-m(m+  1)| 


V2 


And  that‘s  the  eigenvalue.  oE  L_,  which  means- you  have  this  reEarLDn: 


L + l I,  rni-  = t\[i(t  - 11  - m(m  * l)jli2l  f.  tn  4 1^- 
Sim  Marly,  you  can  show  that  L.  gives  you  the  following: 

LI  K nj>  * + |)  - mini  - nj|,;l/,  m - l> 


Chapter  A COverS  fi  matrix.  interpretation  ut  JijniiociiC  Oscillator  States  ait  cl 

operators,  and  you  eats  handle  anejukar  momentum  the  saute  way  (which 
often  makes  understanding  what's  going  on  with  angular  momentum  easier]). 
You  get  to  take  a look  at  the  matrix  representation  of  angular  momentum  on 
a quantum  level  now. 


Consider  A system  with  angular  momentum,  with  the  total  angular  momen- 
tum quantum  number  { = l,  That  means  that  m can  lake  the  values  -Ml,  and 

I.  So  you  can  represent  the  three  possible  angular  ntoiiccnlum  slates  like  this: 


0 

(I 

1 
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|l,0  >* 


0 

I 

0 


ll.-l>= 


I 

0 

u 


Okay,  so  what  am  itm  operators  youVe  seen  in  this  chapter  in  matrix  repre- 
sentation? For  example,  what  is  LJ?  You  can  write  L"  this  way  in  matrix  form. 


L: 


<1,1  l*j[,l  > <1,11:  ],0>  < 1.]  f^il.-l  > 


<1,0  1,0  > <1,0  ].-]> 


< ],o|lj|i,]  > 

< 1,-1  L3|U > < ].-l|L3|l,0 > <].-l|L-  l.-l 


Okay,  <1.  \ It* II*  OT -Eft*:*!,  1IL‘I  l,0>  *0;  <1.0(1/11,  0>  - 2ft*- 

and  so  on;  Therefore,,  the  preceding  matrix  becomes  the  follotving: 


i. 


1/  = 


■»  P i 


3i 


[} 


0 2/r 


0 

0 


0 


0 2f\ 


And  vou  can  also  write  this  as 


L=  = 


] 

n 

n 

2/i 1 

1) 

l 

0 

i\ 

□ 

i 

So  []]  imntrix  Bonn,  1 

4 

1 

n 

ri 

i 

'It? 

0 

i 

0 

0 

•* 

0 

i 

0 

II 
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This  equals  the  following: 


i 

l 0 ft 

1 

2^ 

ft 

0 1 ft 

0 

0 

ft  ft  1 

ft 

How  al>out  the  L,  operator?  As  you  probably  know  (from  the  preceding  sec- 
tion), r.jf;  >»[/((•■  i)-/7i-(m  i l )]  ’■  I i,  m - is,  in  this  example,  f «■ l and  m 
- I,  0,  and  -l.  So  yon  have  the  following: 


**  l-J  1,  \>  = ft 


So  (ho  1.,  operator  looks  like  this  In  matrix  lorm; 


0 1 ft 
ft  ft  1 


0 0ft 


Therefore.  L.l  1,  fts  would  be 

L1|L1ft>- 


0 

1 

0 

' - 
0 

Jib 

u 

0 

1 

] 

ft 

0 

ft 

fl 

And  this  equals 


Lrjl,ft>= 


1 

ft  1 0 

0 

&h 

ft 

= J2  h 

ft  0 1 

1 

0 

0 0 0 

0 

In  other  words,  1.0: 
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Okay,  what  about  L?  You  know  that  LJ  i * I)  - m(oi  - 1)]1’'"!  {,  m 

l>.  In  this  example,  / = I and  m 1,  0,  and  -],  So  that  means  the  following: 


J2t>  l,o> 


^ L_  1,0 
^ L_  I lr-U  = Q 


So  the  L.  operator  looks  like  this  in  matrix  (onn: 

L « 


0 0 0 

h 

1 0 0 

0 l 0 

That  means  thatl^  l 

L 

|u>= 

ouo 

1 

J2t j 

1 0 0 

0 

0 1 0, 

0 

1 1,  l*  would  be 


This  equals 


L_  |M^= 


0 

0 0 0 

1 

1 

= -J2ft 

1 0 0 

0 

0 

0 L 0 

0 

Which  tells  you  that 


Jusl  as  you'd  expect, 
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Okay,  you’ve  found  L , L„  and  L.r  Finding  the  matrix  representation  of  LT  is 
simple  because 

IW*  }i  I 1 , I > » L.  1 1 ,,  1 > 

^()=l,.|],fl> 
r*  ]>  = L.I  ],-!> 


So  you  have  that 


L 0 0 

OOP 
0 0-1 


Thus  L,  1,  -1*  equals 


4Z 

1-1 

w 

L 

0 

0 

- 

0 

0 

0 

0 

[1 

0 

0 

-1 

-] 

And  this  equals 


0 0 
Q 0 


0 

0 

-] 


So  L.I  1,  -1>  = -ft 1 1.  -1>. 

Now  what  about  finding  llte  L,  and  L,,  operators?  That's  not  as  hard  as  you 
may  think,  because 

aS 

L,=-i(L+  + L.) 


ami 
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Take  a look  at  L.f  first.  L,  equals 


0 1 0 


0 0 1 
0 0 0 


Anri  L_  equals 


0 0 0 


1 0 0 


0 L 0 


So  this  equals: 


0 I 0 

] U I 

0 I 0 


Ofeiy,  ilriw  what  about  L,? 


0 -i 

r 0 
0 r 


Cool.  This  is  going  pretly  well  — how  about  calculating  [Llt  L,  ]?  To  do  that, 
you  need  to  calculate  [L„  U.j  = Lx1y~  L.L,.  First  find  LAL,: 


L,L^  ■ 


ft 

] 

s 

fj 

ft 

—i* 

ft 

1 

u 

1 

1 

■ 

t 

0 

■ 

ft 

] 

1 

H 

U 

j 

ft 

P 

ft 

This  equals 


fj 

l 

•* 

0 

0 -f 

0 

l 

■ 

o -/ 

1 

0 

l 

1 

r 

0 

t 

a= 

2 

| 

J 

l 

J 

0 0 

0 

i 

0 

U 

■ 

J 

!. 

i 

| 

0 -i 

And  slmKarly,  L,  Ly  eq  nals 

LkL,- 


0 

0 

ha 

0 

1 

0 

r & 

P 

*-( 

1 

0 

1 

(i  r 

ft 

0 

1 

(> 

And  this  equals 


n 

■ 

— f 

D 

0 

l 

ft 

-d 

ft  -? 

■ 

r 

0 

0 

R 

-r 

l 

0 

3 

— 

ft 

ft  ft 

■ 

r 

IJ 

0 

1 

ft 

d 

ft  r 

And  this  equals 


i o 

0 0 
0 0 


1) 

0 

-1 
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But  because 


L = 


h 


l 0 0 
u » i) 

0 0-1 


you  tEui  rtwrclt: 


-•K-O 


LrLr-L,L,= 


I 0 

0 0 


■ 


So  far,  this  chapter  has  been  dealing  with  angular  momentum  bras  and  kets: 


],l> 


The  charm  ol  bras  and  kets  is  that  L J i c_y  don't  limit  you  to  nay  specific  system 
of  representation  (see  Chapter  2).  So  you  have  the  general  eigenstates,  hut 
what  are  the  actual  efjwrrfurcrtfcwis  of  L,  and  I/?  Thai  Is,  you're  going  to  try  to 


find  the  actual  functions  that  you  can  use  with  the  angular  momentum  opera- 
tors like  1-T  and  L-. 

•Si 


To  Find  the  actual  eigenfunctions  (not  Just  the  eigenstates),  you  turn  from 
rectangular  coordinates,  x,  y and  z,  to  spherical  coordinates  because  il'll 

make  the  math  much  simpLpr  (after  atL,  angular  momentum  is  about  things 
going  ground  in  circles).  Figure  3-4  sliuws  the  spherical  coordinate  system. 
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Figure  5-4: 

Tha 

iphari-cal 

ttiordinate 

SySlCrU. 


In  The.  rectangular  tCarrnsisnJ  coordinatE  .sysfRin,  you  use  _r,  yf  and  z In  orient 
yonrseLF.  Icl  the  spherical  coordinate  system,  you  also  use  three  quantities:  n 
9,  and  as  Figure  5-4  shows.  You  can  translate  between  tJie  spherical  coor- 
dinate system  and  I tie  rectangular  one  this  way:  The  r vector  Is  the  vector  to 
the  particle  that  hits  angular  mucM-ntuM,  B is  the  anjjle  ui  r I'fOiil  the  z axis. 

and  o Is  the  anyle  of  r from  the  x a^ls, 

It*  sin 6 cos<i 

t*  y = y s'inn  sine 

t*  z = rcosd 


Consider  the  equations  lor  angular  momentum 


L =W  -2P  = 


-jft 


Ly  - !£b\  - XK 


L 


XT,  - YP 


-j'A 


*3  1 

[iiz 

j'za  _ 

XD‘ 

1,  cbf 

-Jz  , 

«*• 

f £L 

lay 

d.Y 

When  you  tail i.’  ihu  atigulur  mu mcil turn  equations  with  Urn  spliericai-COOrdi- 

nnte-syslem  conversion  equations,  you  con  derive  the  following: 


L a -ft 3 


1 3 

n ■ 

^ 3 ' 

Huillfl  11 

1 1 *>’  ] 

siritf 

imp  _ 

\ ^ ) 

sin  , 
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a j'cce-P  if1  ' 

si a8  , 


jr:rafl  rj 
sin#  ^ 


Okay,  I hese  equations  look  pretty  Involved.  But  Ihere's  one  thing  to  notice; 

They  depend  only  on  ft  and  which  means  their  elRenstates  depend  only  on 
&and^7  not  on  r;  So  the  eijsen Functions  ol  the  operators  In  the  preceding  list 
can  be  denoted  like  this: 

■*=  s,  c l /,  JJJ* 

Traditionally.  you  give  t]it  name  VA,  (0-  40  tfl  the  eigenfunctions  oi  angular 
momentum  in  spherical  coordinates*  so  you  have  Hie  fol lowing: 


Yr„0i,  9)  I (.  m> 

All  right,  time  to  work  on  finding  the  actual  form  ol  YiVn(ft,  9),  You  know  that 
when  you  use  the  LJ  and  l,.  operators  on  angular  momentum  eigenstates,  you 

i^et  this: 

L?  1 1 rn>  = 1(1  l)AJl/,  wi* 

L 1 1 rh>  = rirtljf,  r)l> 


So  the  Jol lowing  must  be  true: 


In  lari,  you  ran.  go  further.  Note  tlial  L.  depends  only  on  0,  which  suggests 
that  you  ran  split  Vi^f’&.dj 5 up  into  a part  that  depends  on  0 and  n part  that 
depends  an  a.  Splitting  Yrw{0-4O  up  into  parts  looks  Like  this: 


Y,*<<?,40  - Dmw 


That's  what  makes  working  with  spherical  coordinates  so  helpful  — you  can 
split  the  eigenfunctions  up  inlo  two  parts,  one  that  depends  only  on  fi  and 
one  part  l hat  depends  only  on 
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Start  by  lidding  the  eigedtucietibni  at  L,  id  spherical  coord iualcs.  In  spherical 

coordinates,  the  L-  operator  looks  like  Lhis: 


So  LJYM  «>  c Is 


L ( 0 K,  ( <f> ) 


which  l-s  the  lollowlng; 


And  because  t ..Y^tJj,^)  - /7TJiY^(u,ij>X  ibis  equation  can  be  written  In  this  version; 


Cancelling  oul  term®  from  the  iwo  sides  of  this  equation  gives  von  this  dltfeir- 

entlal  equation; 


-'T§‘W— *.w 

This  looks  easy  to  solve,  and  the  solution  is  lust 

* = C^1* 


where  C is  a constant  of  integration. 


You  can  determine  C by  insisting  Hurt  be  normalized  — that  is.  Lhat  the 

following  hold  true; 


which  gives  you 


So  , (6)  is  equal  to  tJ'iisS: 


Vuu're  making  progress  — you 1 vc  bee]]  ablt  to  determine  the  lonn  ol  l^,n (■{■) , 

«►  ^*.(0.40  = 0Ai.C&>^CtX  which  equals 


That  's  f?reat  — you're  halfway  i h ere,  but  you  still  have  to  determine  the  form 
of  ft  inftf),  the  el}(enlunctlon  of  I-5.  Thai's  coming  up  nest. 

r k. 


Now  you're  going  to  tackle  the  eigenfunction  ot  IA  %,.(&).  You  already  know 
that  in  spherical  coordinates.,  the  L!  operator  looks  like  this: 


I si ntf  d& 


r 


That's  quite  an  operator.  And  you  know  that 


Y 


j 'i  i i.  .-3  ■■"K* 


rsj 

Scj  applying  the  L"  operator  to  YAii(0,d}  gives  you  rhe  following: 


l’vJmI 


-f '* 


dO  ) 


■+ 


] 


sin i 


i 


e-M'" 
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Aj](1  because  L'V,.ni(y,d)  = /fJ  + I <b)  = /[V  + this  etjiLR- 

t ion  bcc 


1 


sjn?n)iy 


= /(/+t)A:eU0) 


e 


.,J 


&*) 


Wcjw,  what  have  you  gotten  in  to?  Cancelling  terms  and  subtracting  Ihe  right 
hand  side  from  (he  Lett  finally  gives  you  this  differential  equation; 


l 


sinfl  rJOt. 


s | 1 


do 


+ 


=0 


Combining  terms  and  dividing  by  e'"‘  gives  you  die  following 


l [1 

sine 


40  *]  I v > sicrfl  J *'■  } 


Holy  cow!  tent  I here  someo-no  who's  t i^l  eel  to  solve  this  kind  of  differential 
equation  belore?  Yes,  there  is.  Thte  equation  Is  a f.egp*t tire  diffcrettffat  equa- 
tion. and  the  solutions-  are  well-known,  (Whew!)  In  ijenerab  the  solutions  take 
this  form: 


0[„(e)  = ctaPflv(cosC 


where  COS©)  is  the  Leiteudre  function. 

1 ** 


So  what  are  the  Legendre  functions?  You  can  start  by  separating  out  the  rti 
dependence,  which  works  this  way  with  the  Legendre  functions: 


where  P.4X1  is  called  a legeifdre  polynomial  and  is  given  by  the  Rodrigues 
formula: 
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You  oan  use  I his  equation  to  derive  the  first  few  Ijefjendte  polynomials  like,  this: 
| ^ \>6(x)  = l 

e*  Prfjt)  - x 
t*  Pm(a->  = V*  (Iv1  - I J 
^ Pat*)  - V*  C5.*  - 3x) 

v Pit*)  * V<  (35a-- - 30a;‘  + 3) 

Pr,(.*)  - V*  (55-*  - 7 0,*'  -i  L 5.*) 

Anri  so  on.  That's  what  l tkR  first  Jew  Fr(_r)  polynomials  look  like,  So  what  do  the 
Associated  Le^eiitlre  Junctions,  P|n.(-V)  Ionic  like?  You  can  also  cnlculatE  ttiem.  You 
ran  start  off  with  F p , (a-),  where  rn  = 0.  J'Jiose  are  easy  because  FPJu)  = Pi f.v) p se> 

I**  F"  i cl-vj  = -v 
ts  Pjr.(.v)  = (3/  - 1) 

P*C0  a '/j  ( jY1  - 3a) 


Also,  you  can  llnd  l hat 

1^  PnOO  » (1  - 

,1  I V5 

v*  J-Y |{.v'j  = ix( I - _r)  ■* 
k-  FY<00  = 3(1  -a"/3 

1^,  (*■->- -IXI-jt-)*4 

* r-M E 'tat1 

^ = iox(i  - On'- 


These  equations  yive  you  an  Overview  of  what  the  P^,  functions  Jook  like, 
which  means  you're  almost  dorm.  As  you  may  recall,  0^,(0),  the  0 part  ol 

Ya„C0,  +)r  is  related  lo  the  Pr,v  Juuctioiis  like  this: 


= custom 


And  now  you  know  whal  the  Pvn  function^  look  lake,  hut  what  do  Cni.  the-  con- 
stants, look  like?  As  3 oo-n  as  you  have  those,  you’ll  have  the  complete  angular 

momentum  eigenfunctions.  YJ&,  *1  because  YA„(&,  $)  = 
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You  can  go  ahoul  calculating  the  constants  C^,  the  way  you  always  calculate 
such  constants  or  integration  in  quantum  physics  — you  normalize  the  eigen* 
functions  to  l.  For  Y^Qi.o}  = that  looks  like  this; 

J <tej  Yh ' (0,d  ] Yt,  ( iX(C-j  sin  0 <10=  L 

*J  ft 


Substitute  the  folic- winy  three  quantities  In  this  equation: 


Von  Set  the  Eallowlnj^ 


sinfl  d8  = 1 


Hie  integral  over  + gives  2rc,  so  this  becomes 


sin  0 40=  l 


You  can  evaluate  the  integral  to  this: 


3c?  in  other  w o rd 5 : 


■ 


where  m ^ 0 


Whirh.  means  that 


where  m 
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So  Y'm(0,  41)  = 0^,(0 which  thf^  angular  momentum  ei_ijcnfi.inr  tion  in 
spherical  coord  mates,  is 


where  m £ (h 


The  h met  ions  yivcin  hy  rtiis  equal  ion  are  calLnii  B Ilf  n o rm  u Size  d .tpii  prim  t hor- 
monrcis.  Here  arp.  what  the  tirat  few  normalized  sjihp.rkal  harmonics  look  Like: 


►"  V 40  - C/iltV'  COS« 


*ce.  = (u/*nJ 


I “? 

I I - 


5ln~ft 


J]i  latr,  you  can  vise  these  rdatiocis  tu  convert  I he  uphcrlcaJ  harmonics  to 
rectangular  coordinates: 

Its*  Sln0CtB0  = y 
is*  &ini?slng)  = — 


SutotfritiriRlhes?  equations  in(o 

f2i+])0-wjr'’ 


yk,(^)=M;r 


1 .t  1 1 -h  m p j 


P«*  [ cos  $ ) e ' where  m>0  lves  yoy , h e 


spherical  harmonics  In  rectangular  coordinates; 
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15V  Part  111:  Turning  to  Angular  Momentum  and  Spin 


■ *■-»«■*«  t*  # -n  n n 

fa  Tfus  Chapter 

► Discoverit'Lg  spin  with  the  Slern-Gerladi  experiment 

Looking  ar  eigenstates  And  spin  notation 
Understanding  lermlons  and  bosons 

Comparing  the  spin  operators  with  angular  momentum  operators 
Working  with  spin  'h  and  Pauli  matrices 


jf*r  hysicisls  have  suggested  that  orbital  angular  momentum  is  not  the 

* only  kind  or  angular  momentum  present  in  an  atom  — electrons  could 
also  have  intrinsic  built-in  angular  momentum.  This  kind  of  built-in  angular 
momentum  ts  called  spin.  Whether  or  not  electrons  actually  spin  will  never 
be  known  — they’re  as  close  to  point-like  particles  as  you  can  come,  without 
any  apparent  Internal  structure.  Yet  the  fact  remains  that  they  have  intrinsic 
angular  momentum.  And  that's  what  this  chapter  Is  about  — the  Intrinsic. 

built-in  quantum  mechanical  spin  of  subatomic  particles. 


The  Stern-Gerlach  experiment  unexpectedly  revealed  the  existence  of  spin 
back  In  1932.  Physicists  Otto  Stern  and  Walt  her  Gerlach  sent  a beam  ol  silver 
atoms  through  the  poles  of  a magnet  — whose  magnetic  field  was  In  the  z 
direction  — as  you  can  see  In  Figure  EH . 
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Silver  atom-i 


Fftiilrt  6-1: 
Tbe  Sierra 
G^dnch 
ex|>e  rime  ni. 


_^A  -Spin  up 


Spin  -dawn 


Magna! 


Screen 


Because  46  id  silvers  47  electrons  are  nxraaiged  in  a symmetrical  cloud,  they 
contribute  noth  in  jj  till  the  Orbital  anyjbkr  momentum  oi  the  atom.  The  47lll 
electron  can  be  In 


n*  The  5s  state,  fcn  which  case  Its  angular  momentum  Is  / - 0 and  the  z com- 
ponent ol  that  angular  momentum  Is  0 

Th?  op  slate,  In  which  case  Its  angular  momentum  Ls  ( = 1,  which  means 

that  the  z component  dE  its  angular  momentum  ran  he-1,  U,  or  1 


That  means  that  Stem  aji-d  Gerlach  expected  to  sec  One  Or  three  spots  tin  the 
SCreeu  you  set  at  right  ill  Figure  6-1,  corresponding  to  tile  different  states  oE 
the  £ component  of  angular  momentum. 


Bui  famously.  they  saw  only  two  spots.  Tills  puzzled  the  physics  community 
for  about  three  years.  Then,  In  1925,  physicists  Samuel  A,  Coudsmlt  and 
George  F.,  Uhlcnbeck  suggested  that  electrons  contained  Intrinsic  anyular 
momentum  — and  I hat  Intrinsic  anyular  momentum  is  whas  gave  them  a mag- 
netic moment  that  Interacted  with  the  magnetic  Eield.  After  alt,  it  was  appar- 
ent that  some  angular  momentum  other  than  orbital  angular  momentum  was 
at  work  here.  Anri  tha|  built-in  angular  momentum  came  to  he  catted  spin. 


The  beam  of  silver  atoms  divides  in  twoP  depending  on  the  spin  of  the  47th 
electron  in  the  atom,  so  there  are  two  possible  states  ol  spin,  which  came  lo 
be  known  as  up  and  doim* 
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Spin  Is  a purely  quantum  mechanical  effect,  and  there’s  no  real  classical 
analog.  The  closes!  you  can  come  is  to  liken  spin  to  the  spin  of  the  Earth  as 
It  goes  around  the  snri  — that  Is,  the  Barth  has  both  spin  (because  It’s  rotat- 
ing on  its  axis)  and  orbital  angular  momentum  f because  it  s revolving  around 
the  sun).  Rut  even  this  picture  doesn't  wholly  explain  spin  in  classical  terms, 
because  Us  conceivable  that  you  could  stop  the  Earth  From  spinning,  Rut  you 

can  'r  stop  elect roiLi  from  possess iug  spin,  amJ  that  also  goes  Jor  other  sub- 
atomic particles  that  possess  spin,  such  as  protons. 


Spin  doesn't  depend  on  spatial  decrees  of  freedom;  even  if  you  were  to  have 
an  electron  at  rest  (which  violates  the  uncertainty  principle),  it  would  still  pos- 
sess spin. 


Spin  throws  a bit  of  a curve  at  you.  When  dealing  with  orbital  angular 
momentum  (see  Chapter  5),  you  can  build  angular  momentum  operators 
because  orbital  angular  momentum  ls  the  product  of  momentum  and  radius. 
But  spin  is  built  in;  there’s  no  momentum  operator  involved.  So  here's  the 
crux:  You  cannot  describe  spin  with  a differential  operator,  as  you  can  lor 
orbital  angular  momentum. 

In  Chapter  5, 1 show  hove  orbital  angular  momentum  c<m  he  reduced  to  these 

rfUfereniiat  operators: 


> 

■ 


Anri  you  can  find  eigenfi  met  ions  For  angular  momentum,  such  as  Y^; 
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Blit  because  you  can't  express  spin  using  d llferenttal  operators,  you  can’t 
find  eigenfunctions  for  spin  as  you  do  lor  angular  momentum , So  that  means 
that  you're  left  with  the  bra  and  ket  way  of  looking  at  things  (bras  and  kets 
aren't  tied  to  any  specific  representation  In  spatial  terms), 

in  Chapter  5,  you  also  take  a look  at  things  in  angular  momentum  terms, 

XLii 

introducing  the  eigenstates  ul  orbital  angular  momentum  like  this:  I i , 
(where  / is  the  angular  momentum  quantum  number  and  m is  the  quantum 
number  of  the  2 component  ul  angular  momentum). 


You  can  use  the  same  notation  tor  spin  eigenstates.  As  with  orbital  angu- 
lar momentum,  you  can  use  a total  spin  quantum  number  and  a quantum 
number  that  Indicates  the  spin  along  the  z axis  {fintv:  There’s  no  true  z axis 
built  in  when  it  comes  to  spin  — you  introduce  a z axis  when  you  apply  a 
magnetic  lie  id;  by  convention,  the  z axis  Is  taken  to  be  in  the  direction  of  the 

applied  magnetic  field). 


The  letters  given  to  the  total  spin  quantum  number  and  the  z-axis  component 
of  the  spin  arc  s and  m (you  sometimes  sec  them  written  as  s and  suj.  Lit  Other 
words,  the  eigenstates  ol  spin  are  written  as  lsr  ?>t*. 


So  what  possible  values  can  s and  m lake?  That's  coming  up  next. 


In  analogy  with,  orbital  angular  momentum,  you  rao  assume  that  m (the  z-axis 
component  of  the  spin)  can  take  the  values  -s,  -s  + I, j - 1,  aud  s,  where  s 

is  the  total  spin  quantum  number.  For  electrons.  Stem  and  Gerlach  observed 
two  spots,  so  you  have  2s  * 1*2,  which  means  that  s * 'fi.  And  therefore,  oi 
can  be  n/iorJ/i,  So  here  are  the  possible  eigenstates  for  electrons  in  terms 
of  spin; 

1 'h,  7i> 
l '/■».  ->/>-> 

So  do  all  subatomic  particles  have  s = '/a?  Nope.  Here  are  their  options: 

Ip*  I’crniions:  in  physics,  particles  with  hall-integer  spin  arc  called  fermions. 

They  include  electrons,  protons,  neutrons,  and  so  on.  even  quarks.  For 
example,  electrons,  protons,  and  neutrons  have  spin  s * "/i,  and  delta 
particles  have  s s y'3. 
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Arid  the  eigenvalue*  of  the  S-  operator  are 


S ,JT]  > = f71k 


You  can  represent  these  two  equation*  graphically  a*  shown  In  Figure  6-2, 

where  the  two  spin  stare*  have  riirterent  projection*  akjnij  the  z avi*. 


Ftgurti  6-2; 
Spin  magni- 
ludB  and  i 

projection. 


Spin  72  matrices 

Time  ru  take  a Look  al  the  spin  eigenstates  and  operators  lor  particles  of  spin 
'/a  in  lemis  of  matrices.  There  arc  only  two  possible  stales,  spin  up  and  spin 
down,  so  this  is  easy.  First,  you  cni]  represent  the  eigenstate  I '/s.  '/^  like  this! 


And  the  ehtensrate  lfcA,-7i>  look*  like  this; 


Now  what  about  spin  operators  like  S'?  The  S ’ 

malrix  term*; 


operator  looks  like  this  in 
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-Jr 

1 

0 

4 

0 

] 

1 

Similarly,  you  can  represent  tli-e  S-  operator  this  way: 


This  works  out  to 

s .ll1  " 

r 2 JO  ~l 

Using  the  matrix  version  of  S,r  for  example,  you  can  find  ilie  z component 
of  the  spin  ot,  say.  tho  olijenslate  -!A-'.  Finding  Hie  2 component  lon>ki 
like  this: 

S,  i % -*f* 


■j 


h 

1 0 

a 

0 

1 

2 

0 -1 

] 

ElerO -s  what  you  got  by  performing  the  matrix  multiplication? 


A 

1 0 

A 

| 

0 

-b 

0 

2 

1)  -1 

] 

2 

1 
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And  putting  Hi  Is  back  Into  ket  notation,  you  yet  the  following; 


How  about  the  raising  and  lowering'  operator*  S.  nod  S_?  Ttic  S,  operator 
Look*  like  this: 

S.« 

A-  '(>  1 

i V o 


And  the  lowering  operator  looks  like  this; 


<j 


So,  for  example,  yon  can  figure  qli|  whal  SJ  '/s,  is.  Here  it  is  in  matrix  terms: 


iJ 

1 [t 

0 

0 1 

91 

Performing  the  multiplication  gives  you  this: 


0 1 

0 

L 

t 

u o 

1 

s 

0 

Or  In  kel  torjn.  it's  S I1/?,  -l/s>  = h I 'ft,  "fa.  Cool. 


Sometimes,  you  see  the  operators  S,.,  S„.  and  S-  written  In  terms  of  Pauii 
matrices.^,.  on  and  cr-.  Here's  what  the  Pauli  matrices  look  like: 


matrices 


Copyrighted  material 


Hidden  page 


Hidden  page 


Cl 


h This  Chapter 


Exploring  the  Schniduiger  equation  in  the  xr  y,  arid  £ dimensions 


Working  with  Free  particles  in  3D 
Getting  into  rectangular  poTnntiaLs 

Seeing  harmonic  oscillators  in  3D  space 


i 


^tie-dimensjotial  problems  are  all  very  well  atid  good,  but  the  real  world 
has  three  dimensions,  This  chapter  Is  all  about  leaving  one-dimensional 
potentials  behind  and  starting  to  take  a look  at  spinless  Quantum  mechanical 
panicles  In  three  dimensions, 


Hnre,  yon  work  with  three  dimensions  in  rectangular  coord  inarms-,  starting 
with  s look  at  the  SchrcHtlngcr  equation  in  gjorions.  renl-lEFn  3U_  You  rtipn 
delve  into  tree  particles,  bos  potentials,  and  harmonic  oscillators.  Note:  iJy 
the  way,  the  next  chapter  uses  spherical  Coordinates  because  some  problems 
ire  belter  in  One  system  than  the  Other.  Problems  with  spherical  symmetry 

are  best  handled  in  spherical  coordinates,  for  example* 


In  one  dimension.,  the  time-dependent  ^chrodinger  cQuation  (or  the  type  ui 
Chapters  3 and  4 that  Let  you  lind  the  wave  [unction)  looks  like  this: 


2m  &r 


\y  ( xJ ) + V ( a",  i 1 1 xj ) * Sj 

i - ■ *i  i ».* 
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Part  IV:  Multiple  Dimensions:  Going  3D  with  Quantum  Physics 


And  you  can  generalize  that  Into  three  dimensions  like  this:: 


-t,  - i 

2m  1 

V ( r ) iff  (x.y,  z.l ) * to  ^ V {*,y.  z,l ) 


Of 


Lisina  the  Lap  taunt]  operator,  you  □□]]  recast  this  kiln  a mom  eorntMcL  £orj]i 
Hurt  a what  iIlu  Li^hKiail  luoky  Jikc: 


And  here's  tin?  3t)  Schroirfinijer  equation  ljsin^  the  l-apLician: 


V iff  ( x,  y,  z,  t ) + V { x,  y, 2 , t ) iff  ( x,y,  zj } = if,  jj-  qpr(  x,y , z,I ) 


To  solve  this  equation,  break  out  (he  (interdependent  part  ol  the  wave 
function: 


Here,  y(x„  v,  2)  is  the  solution  of  the  (Ime-lndependent  Schrodlnjier  equation, 
and  K Is  the  energy; 


So  Far,  so  linod.  Hut  now  you've  nm  into  a wall  — the  expression  V f x,yfz  _| 

Is  in  general  very  hard  to  deal  with,  so  the  current  equation  Is  In  general  very 
hard  to  solve. 


So  what  should  you  do1?  Well,  you  ran  Focus  on  the  case  in  which  the  equa- 
tion is  se  pans  hie  — that  is,  where?  you  can  separate  out  the  .r,  y.  and  z depen- 
[Innee  ami  FlikL  the  solution  ill  earls  dimension  separately.  In  other  words,  in 
separable  eases,  the  potential,  V(.v.  v,  z},  is  actually  the  sum  ul  due  Jf,  y,  and  z 

potentials: 


vO.  y,  z)  - v*<jf) + v.  O') + v.-(» 


Now  you  can  break  the  Hamiltonian  In  J^-VVl.A'.y,*J+ V{x,y,x)Yt(xry,z) 


= b\ w{x7y,z  ) itLlit  three  HauriliGuniariii,  and  H 
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(H,  f H,.  + v.  z}  = Ey(x.  y,  z) 


w hurt 


Whfn  you  divide  li n The  Hamiltonian  as  In  (HA.  * H,.  t H/Jtirfo  v.  z)  - Fw(.v.  v,  z), 

you  uaii  also  divide  up  the  wave  Eduction  that  solves,  that  cqualimi.  In  par- 
titular.  you  can  break  the  wave  function  into  three  parls,  one  for  jit,  y.  and  z: 


y.  i)  = Xi>-)Y(v>Z(X) 

That's  going  to  jnake  life  considerably  easier,  because  now  you  can  break  the 
Hamiltonian  up  Into  three  separate  operators  added  together: 


The  total  energy,  F,  Is  now  the  sum  of  the*  component's  energy  plus  I he  >* 
component's  ener^iy  plus  the  z components  energy: 


So  you  nnw  have  three  independent  Sdirndinger  equations  for  the  three 

dimensions: 


-tr  d3 


v*  2m 


£TXM*V(x)X(x)=E,X(*) 


-tf  a! 


-..S' 


p^r  2 m 5jr 


Y^KvMyivWejM 


* -.,2 


-it-  A 
t*  2m  d, 


t-7Z{z)+v{y}Z{z)=LiZ{z) 
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-St 

5s 

2m 

dx- 

-Jtl 

je* 

2m 

fly* 

-Sr 

2m 

Az1 

'<(>)- iv  >'{>•) 


IT  you  rewrite  these  equations  In  terms  o i the  wave  number,  k,  where 


, then  these  ert«ntpQHK  become  Ihc  lollowin# 


In  this  section,  you  take  a look  at  the  s-olutions  to  these  equations,  find  the 
t «■■■  1 a 1 energy,  nnd  iiekl  time  de|>endencr-„ 


The  x,  and  i equations 

Trike?  :i  lintk  ;st  the-  .x  e-quislimi  fcjTltie  frhe  [3?irtk:.li*„ 
tiiii  write  ils  Li^ne-rrjl  KOluLimi  ns 

- . j 


-fc/X  \x  ),  Vdl. 


This  Is  a plane  wave*  and  normalising  A fas  I dis-eu-as  Lli  Chapter  3)  gives-  you 
thlss 


Tlmy*  and  r c:ciiii]]un«triL.<i  tfiUitw  ltiw  stjih-m  io  nri: 
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Note  that  ft/  * ft/  + ft/  Is  the  square  of  the  magnitude  of  k — that  Is,  ft’. 
Therefore,  you  can  write  the  equation  for  the  total  energy  as 


Note  that  because  F Is  a constant,  no  matter  where  the  particle  Is  pointed, 


r.  r 


all  the  eigenfunctions  of  -sp-Y(.y}=-k  Y[y),and 


rJv 


S-|  1 

- 7Z1  £ iM-fr/Zi  z j are  infinitely  degenerate  as  you  vary  tty  k„  and  ft- 


r)2 


You  can  add  time  dependence  to  the  solution  lor  y(a-„  y,  z),  giving  you  ip{jr.  y. 

y ^ j y “tSl/r 

z,  J),  if  you  remember  iIlbT  ^1,  Jt,y,z,l\=  x,y,z  Je  . That  equation  gives 

you  this  lorm  lor  u(x  v.  X,  f'y. 


i 


) 


r 

Becnuse  0)--. — , IIie  Equation  turns  into 


Vrf  x,y,  zj  j = - 


I 


> ) 


' M 


& 


f][J  r «.Hj| 


In  lacl,  now  that  ihe  right  side  of  (he  equation  i.$  in  terms  of  the  radius  vector 
r you  can  make  the  left  side  match: 


That's  the  solution  to  Hie  firlirodingfcr  equation,  hut  it's  unphysica!  (as  I 
cEiseuss  for  the  one-dimensional  ftnlirddingpr  equation  lor  a Iree  parliclp.  in 
Chaplnr  3).  Why?  Trying  to  n-nmmJize  this  equation  in  three  dimensions,  For 
example,  gives  you  the  Mlowuig,  where  C is  a constant: 
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Part  IV:  Multiple  dimensions:  Going  3D  with  Quantum  Physics 


FEgurfl  7-2: 
A box 
potential 
in  2D. 


I ns  We  the  box,  say  that  V{xr  v,  *Q  - 0,  and  outside  the  box,  say  that  V(>,  y9  z) 

Mc  So  you  haire  the  following; 


V(jr,y,z1i=. 


0,  where  0 v A'  < L rP  0 v y < L j,  (I  < z < L 
m otherwise 


Dividing  V’tA-.  v,  z)  Into  v.Qr),  v.iY),  and  v.Qs)  gives  you 


IX  where  0 < x < L , 

«=•=’  otherwise 
0,  where  0 < y < L 

«■  otherwise 


0,  where  0 ■=- 

w otherwise 


ff 


Copyrighted  material 


Okay,  because  the  potential  goes  to  infinity  at  the  walls  of  the  box,  the  wave 
function,  v(>,  y,  z),  must  yo  to  zero  at  the  walls,  so  that's  your  constraint,  In 
3P,  the  Schrodlnyer  equation  looks  like,  this  In  three  dimensions; 


* 


Writing:  rills  out  .gives  you  the  following: 


Take  this  dimension  by  dimension.  Because  the  potential  ls  separable.,  you 
can  write  y(x,  n x)  as  141  (x4  y,  z)  - X (Yj Y ( V) Z (2) . Icv^ide  the  bos,  the  potential 
equals  zero,  so  the  Schr&dinjuer  equation  looks  like  this  for  x.  y,  and  2: 


— ^Vxi»=EiXW 


^ 2m  dx 


-ft*  3 s ^ 


v*  2m  a>v 


TV^)-R,Vb) 


The  next  step  is  to  rewrite  these  equations  in  terms  of  the  wave  number,  k. 


Bernuse  A’  = 


2rrrE, 

h2 


, ynn  ran  write  the  ^rhrdrtinijnr  equalLuns  lorjrr  y ami  z ns 


the  following  equations: 
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Start  by  taking  a look  at  the  equation  for  x.  Now  you  have  someth  I ny  to  work 


i- 

with  — a second  order  differential  equation.  ^txI,-v,I  = -a,  M*-) , Here 


are 


the  two  independent  solutions  to  this  equation,,  where  A and  B are  yet  to  be 
determined: 


Iv"  Xjt»  a A slnCfeO 
v X;(\j  - R coefftw) 


sSo  the  general  solution  of  a*' 


equations; 


Is  the  sum  of  the  last  two 


X(lr}  = A S i n f A'.r)  1 13  cr>s{ft.v) 


Great.  Now  trike  a look  at  determining  I I'll  energy  levels. 


To  be  able  to  determine  the  energy  levels  of  a particle  in  a box  potential,  you 
need  an  exact  value  Tor  X(>)  — not  just  one  of  the  terms  of  the  constants  A 
and  B,  You  have  to  use  the  boundary  conditions  to  find  A and  B.  What  are  the 

boundary  conditions?  The  wave  function  must  disappear  at  the  boundaries 
of  the  box,  so 


Iv  X(d)  = (> 

^ X(.L,.>  = it 

So  the  fact  that  v(PJi  = 0 tells  you  right  away  that  B must  be  0,  because  cos(G) 
- I.  And  the  fact  that  X(L.)  = 6 lells  you  that  X(L,)  - A sin(A,L,)  - 0,  Because 
the  sine  is  0 when  its  argument  is  a multiple  of  n,  this  means  that 


n,  a 1,2,3... 


Anri  berause  ft  = 


if  means  tliat 


n 


*1,2,3- 


Copyrighted  material 


TTiat's.  the  energy  In  t he  x com portent  of  the  wave  function , corres  p on  d I ng  to 
the  quantum  numbers  1,2,3.  and  so  on,  The  total  energy  ol  a particle  of  mass 

n Jft f ir 

m inside  I he  box  potential  IsE  = F,.  * E,.  *■  Following  F.  = r \ , yon 


2m  L 


have  t llis  (or  E.  and  E_.: 


M 


So  the  total  energy  of  the  parilcle  is  F 


Ft.  ■f*  F.,  » F.,  which  equals  this; 


And  there  you  have  the  total  energy  of  a particle  in  the  box  potential. 


Now  how  about  normaJiaiiig  the  wave  function  yfjr,  y,  j)?  In  the  x dimension, 
you  have  this  for  the  wave  equation! 


X(*j  = Asln 


f n.rrx 


So  the  wav*  function  is  a sine  wave,  going  to  zero  at  x *r  0 and  x ■ L,  You  can 
also  insist  that  the  wave  function  be  normalized.,  like  thi 


Purr  IV:  Multiple  Dimensions:  Going  3D  with  Quantum  Physics 


By  normalizing  the  wave  function,  you  can  solve  Tor  the  unknown  constant  A. 
Substituting  for  XQr)  In  the  equation  gives  you  the  following: 


J'Jierejorc.  I 

■w  i 

P 

M 


can  solve  (or  A: 


dr  bccuiucji 


which  means  yuu 


Clrcat,  nnw  you  have  the  constant  A,  so  yon  can  yjcfe  X(jt); 


Mow  rtel  w(x.  •.*.  z},  You  can  dl vide  the  wave  function  into  three  parrs 

«ffr  3 J Qi  ■ 

¥&  y>  z>  = X<*3V(V)Z00 

By  analogy  with  ,K(_vJ,  you  ran  Einrl  Y(y)  and  Z(z): 


- I 2/l 


K 


sin 


a xv 
► 

L 


J 


n.=l,2,a„ 


f= 


L 


",  * I.2.X. 


■So  4j(.c,  y,  z)  equals  the  following: 


pf-wH-j-r 

V x " 

a L,2.3... 


\ 

V 2 


sin 


n jzx 


I 


jy 


n : = 1.2,3. 
rt.  — 1,2,3. 


■ e 
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Chapter  7:  Rectangular  Coordinates:  Solving  Problems  in  Three  Dimensions 


Fi-flure  7-3; 
A tiarnrnnit: 
GsciUalor, 


Thfi  resuming  E o r<r c has  the  form  = -ft.j;  in  on?  dimension.  wh^re  ft,  Ls 
l Jit:  constant  ol  proportionality  between  tilt:  force  on  iLlu  pnrtido  Mid  tilt: 

Location  oi  the  particle.  The  potential  energy  oi  the  particle  as  a Junction 
rtf  locnfinn  rr  is>  y)  = ^kxX2 . This  is  also  sometimes  written  as- 

V(  .3;' ) - 1 Hi  trJ , ' " 


I y" 

where  a*  *■”*/ 

/ m 

In  this-  section,  voll  take  a Look  at  the  harmonic  oscillator  in  three  ditiien- 

'•Hi 

siojia.  In  three  dimensions,  the  potential  looks  like  this: 


I 


V f x , rra  |fc  - j mu , a + - mwjy  ' + mea/z 


5*  ft 

“*  1 1 1 


I 


2 


j 

£l?  =• 


r 


y 

rr-i 


id  = 


_ V 
/ 


id 


=y 

/ m 


Now  that  you  have  a lorm  Eor  The.  potEntial,  you  can  start  talking  in  terms  oE 
5di  rocliiLger's  pqualLon: 


dd  jLxjSI 

2m  I d_v7  rJ_y: 
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■ 4 □ p a a c.  o n o r n £>  n c«  o r o c r & n o n n ^ n n <3  r o « n o n n o n r<  a n a a & 4 « d 

/a  Iftr>  Chup  ttr 

Problems  in  spherical  coordinates 

► J'lrse  particles  in  spherical  roordicintss 

Square  wfII  p-ntenTLak 

frt  l&olroplc  harmonic  oscillator 

* t*-*********^****^*  ******  ********  ****#****  + **  + ** 


ihII 

jin  your  other  life  as  a sea  captains  lash- pilot,  you're  probably  pretty 
4 familiar  with  latitude  and  longitude  — coordinates  that  basically  name  a 
couple  of  angles  as  measured  Irom  the  center  of  the  Earth.  Put  together  the 
angle  east  or  west,  the  angle  north  or  south,  and  the  all-important  distance 

from  the  center  ol  f he  liarth,  and  von  have  n vector  that  gives  a good  descrip- 
tion of  location  in  three  dimensions.  That  vector  is  part  nF  a spharicat  codntfi- 
nui'a  svEtenr. 


Navigators  talJt  more  about  the  pair  til  angles  tiian  the  distance  (“Earth's  sur- 
face' is  generally  specific  enough  lor  them),  bul  quantum  physicists  find  both 

angles  and  radius  length  important.  Some  3D  quantum  physics  problems  even 
allow  you  to  break  down  a wave  junction  Into  two  parts:  an  angular  part  and  a 
radial  part. 


In  this  chapter,  I discuss  three-dimensional  problems  that  are  best  handled 
using  spherical  coordinates.  (For  3T>  problems  that  work  better  In  rectangu- 
lar coordinate  systems,  5 c e Chapter  7.) 


Say  you  have  a 3D  box  potential,  and  suppose  that  the  potential  well  that  (tie 

particle:  is  trapped  in  looks  like  this,  which  is  suited  to  working  with  rectangu- 
lar coord  Lnales-r 


ll  where  (He jr < I. 

I 

OT  ul  \ Lt  r w i St! 


0 v<  I.  , 0 c z<  I.. 


Because  you  can  easily  break  this  potential  down  in  the  x y,  and 
von  can  break  the  wave  function  down  that  wav,  too.  as  von  &ee  here; 


2 direclioj 


vtix,  y,  z)  = X0AY(/)7.(z) 


Solving  fur  the  wave  function  tjives  you  the  following  normalized  result  in 
rectangular  c-omriinates: 


r ij  = 1,2,3,., 

jj,.  ■ L,2r3._, 
■ 

n£  = 1.2s3,-, 


J hf!  energy  levels  also  break  riowrn  info  separate  contributions  Ernm  all  thre^ 
rectangular  a^es: 

L = liA,  + li.,  + L, 

And  solving  ior  E gives  you  this  equation  (Jroni  Chapter  7). 
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But  what  11  the  potential  well  a particle  Is  trapped  in  has  spherical  symmetry* 
not  rectangular?  For  example,  what  If  the  potential  well  were  to  look  like  th1sK 
where  r Is  the  radius  of  the  particle’s  location  with  respect  to  the  origin  and 

where  a Is  a constant? 


0,  where  0 < r < o 

otherwise 


Cleaily,  trying  to  stuif  this  kind  of  problem  into  a rectangular-coordinates 
k«nd  of  solution  Is  only  asking  for  trouble,  because  although  you  can  do  It.  It 
Involves  lots  of  sines  and  cosines  and  results  In  a pretty  complex  solution*  A 
much  better  lactic  Is  to  solve  this  kind  of  a problem  In  the  natural  coordinate 
system  In  which  the  potential  Is  expressed:  spherical  coordinates. 


EjjJure  fM  shows  the  spherical  coordinate  system  along  with  the  correspond- 
ing rectangular  coord  mates,  x.  y,  and  z.  In  the  spherical  coordinate  system. 

you  locale  points  wilh  a radius  vector  named  which  has  three  components: 


Ip"  An  r component  (the  length  ol  the  radius  vector) 
% (the  angle  from  * axis  to  the  the  r vector) 
v*  <f-  (the  angle  Ero  m the  -va-vls  to  the  the  r vector) 


x 


Figure  3-1: 

The 

spherical 

coordinate 

system. 
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Part  IV:  Multiple  Dimensions:  Going  3D  with  Quantum  Physics 


This  chapter  Eocusos  on  problems  that  Li'ivo! viz  central  potentials — tJiJifc  is, 
spherically  symmetries]  potentials,  o ( the  kind!  where  V(rj  - V(r).  In  other 
words,  the  potential  is  independent  of  the  vector  aialure  of  the  radius  vector: 
the  potential  depends  on  only  the  magnitude  of  vector  r (which  is  r),  nol  on 
t ho  artgle  of  r- 


When  you  work  on  problems  that  have  a central  potential,  you're  able  lo 

septate  the  wave  function  into  a radial  part  (which  depends  on  the  form  of 

■ 

th-e  potential)  and  an  anjjul&r  part,  which  is  a spherkal  harmonic,  Kend  on7 


The  Sehriklinger  equation  looks  like  this  in  three  dimensions,  where  a is  the 
Laplacian  operator  (see  Chapter  2 (or  more  on  operators  ): 


i^(r)4-V(r)^(r)-Evf(f) 


And  the  Laplaclan  operator  Looks  like  tills  in  rectangular  coordinates: 


In  spherical  etHuclinates.,  it“sa  little  messy.,  but  you  can  simplify  later.  Check 
out  tlLE  spherical  Laplacutu  opEraGo-r: 


Here,  t 5s  the  square  of  the  orbital  angular  momentum: 


r) 


sin  & M 


1 

J 


So  In  spherical  coordinates,  the  Schrodlnger  equation  for  a central  potential 
looks  like  this  when  von  substitute  in  tlie  terms: 

T 


2m  r dr2  r ■ • 
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Tnkp  a Inqk  cit  the  preceding  equation,,  The  Fit*!  term  actually  corresponds  to 
the  rtNiint  bine  fir  pnpigy — that  is,  the  kinetic  energy  oE  the  particle  moving 
in  the  radial  direction,  t he  second  term  corresponds  to  the  mSntipnnl  kinetic, 
e rre1  njy.  And  Hie  third  term  corresponds  to  the  pyVenf/rji'  popjit. 


So  what  can  you  say  aboul  the  solutions  Id  this  version  ul  the  Schrodingtr 

equation?  You  can  note  that  the  lirst  term  depends  only  on  r,  as  does  the 
third,  arid  that  the  second  term  depends  only  oti  angles.  So  you  can  break 
the  wave  function,  i|i{r)  * *+i (r  u*  ift,  into  two  parts: 


It*  A radial  part 

v*  A part  that  depends  un  the  angles 


This  is  a special  properly  ml  problems  with  neutral  pulcutials. 


The  angular  part  of  (r,  0,  § ) 

When  yOu  have  it  -CL'iitml  pOluiitibiJ.  whit  till  yOu  Siy  Eibuut  ibi:  iiii^ulir  p ii r L 

of  v(rr  0.  rf')?  The  angular  p£irt  must  be  ask  eigenfunction  of  L:.and  as  I show  in 
Chapter  5,  the  eigenfunctions  of  L'  aw  the  spherical  harmonics.  YAll(u,  <&)  (where 
/ Is  the  total  angular  momentum  quantum  number  and  m Is  the  z component  of 
the  angular  momentum's  quantum  mini  her).  The  spherical  harmonics  equal 


Y-CmM-i)" 


4/rif + ml! 


where  rrr  > 0 


Here  are  the  Jlrst  seireral  normalised  spherical  harmonics; 
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That's  what  the  angular  part  erf  the  wave  function  Is  going  to  be:  a spherical 
harmonic. 


You  can  give  the  radial  part  of  the  wave  function  the  name  Rn|(r),  where  n 
Is  a quantum  number  corresponding  to  the  quantum  state  of  the  radial  part 
of  the  wave  function  and  / is  the  total  angular  momentum  quantum  number. 
Tilt  radial  par  I is  symmetric  with  respect  to  angles,  so  it  can't  depend  on  m, 
the  quantum  number  ui  the  z Component  of  the  angular  mujneutuin.  Ill  Other 

words,  the  wave  function  lor  particles  in  central  potentials  Looks  like  the  fol- 
lowing equation  in  spherical  coord  mates: 


¥0.  9, 0)  -i  R.nCrJYjwfG, 


The  next  Step  Is  to  solve  for  Rll!fr)  In  general,  Substituting  v(r,  a,  41} 
From  the  preceding  equal  Ion  into  the  Schrdd  Inger  equal  Ion, 

dlLJL^y-L 


I 


.1 


r dr- 


V { ' ) + V { r }vr [ i-  J : = fV(r j - gives  you 


-tr 


Ml  ■* 


r-ft  [r  K ( r)l + 2mr* [ V (r ) - e]  + = 0 


Y ( a.  * ) 


Okay,  what  cm  you  make  or  this?  First,  note  (from  Chapter  5)  Ihal  the  spheri- 
cal harmonies  are  eigenfunctioiis.  of  L (thaFs  the  whole  reason  lor  usin^ 
them),  with  eigenvalue  KJ  + J 

L!YL,(01i)  = l(l  + l)W:,(0,fl 


So  the  last  term  in  this  equation  Is  simply  i(( £ l)fi  That  means  that 


IIYJW) 


-fi f.  , d f r K , (r  )]  -*-  2mr 3 [ V (r  ) - E ]+  ' f-  V = U 

MJr)dr  1 ' yj  L *■  f J YJ0.^ 


= 0 takes  the  form 


-tr 


R 


1 

r , ^ [ r R r,  ( y | J + 2mr  ■ V ( r j - F.  J -j-  /( i + 1 )h 2 = 0 , tv  hid  1 et[Lial 

1*  . J 


& 


-tr  el 


2m  dr 


£['  MO] 


Vf,|+4'Ii£ 

1 ' 2 mr 


OM'Jl-rt'M'O] 


The  preceding  equat  ion  Is  the  one  you  use  lo  determine  the  radial  part  oF  the 

wave  function,  Rmfr).  It’s  called  the  imiitii  frqttnUon  lor -a  central  potential. 
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Part  IV:  Multiple  Dimensions:  Going  3D  with  Quantum  Physics 


The  way  you  usually  handle  this  equation  5s  to  substitute  p for  kr,  where  k * 
(ZfnL,i)Vii\  so  that  RJY)  becomes  RjC^^D  M iyp}.  This  substitution  means  that 


Rv(r)  I becomes  the  following; 


In  this  section,  you  see  how  the  spherical  Bessel  and  Neumann  functions 
come  (o  the  rescue  when  you're  dealing  with  free  particles. 


U • 1 ■■ 


Looks  Lough,  but  Lhe  solutions  turn  out  to  be  well-known  — this  equation  is 
called  the  spherical  Bessel  enuatto rrr  and  the  solution  is  a combination  of  the 
spherical  Bessel  functions  1/iQ1)]  and  the  spherical  Neumann  functions  iuXfO)- 


R,(p)  = A./XpJ  i*  B.nrfpJ 

So  what  are  the  spherical  Bessel  Fund  ions  ftnrl  the  spherics]  IS*  eh  i in  a ran  Junc- 
tions? The  spherical  Bessel  Innctinns  are  tjiven  hy 


Here's  ivh.it  Hie  First  Jew  iterations  oF/Xp)  look  like: 


sinp 

P 


sin  p cos  p 

P 2 P 
3 sitiy?  3coap 

p ' Pf 


How  aboLBt  the  spherical  Neumann  Junctions?  The  spherical  Neumann  Junc- 
t ions  are  tjlven  by 


ni{p)=-[-pJ 

\ 


lit 

pjp 


cos  p 
P 
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Here  are  the  llrst  few  Iterations  of  rM'n) 


**  rt.lp  = 


tOSp 

P 

cusp  strip 

7 


P 


P 


p f P 


I fl  U 


The  limits  for  small  and  large  p 

Accord injj  to  l he  spherical  Bessel  equation,  the  radial  part  of  the  w 
Lion  for  a free  particle  looks  like  this: 

Ri(u)  = PwMo)  * BirrXp) 


Take  a look  at  the  spherical  Vessel  functions  and  Neumann  functions,  for 
small  and  larjjef>: 

. ..  . i uu^K 

v*  Small  p:  The  Hessni  Funrtinns  reduce  to  > j 21 4,  | |i 


iunc- 


-1-1 


The  Neumann  functions  reduce  to  n,  ( p J — — - — ^7-^ 

ii  4 1 

■ 

- j -L  1 . \ I*  ‘i 

v*  Large  p:  I he  HrssgJ  hirtctanns-  rpdnc^  to  Jn,P)  ' “^Kl!l[  J 

The  Neumann  functions  reduce  to  nr{p)”~“cos( 


Note  I'hjil  Itte  KciimAnn  ElicicE i4in^  {Livei^e  for  51 nail  p,  The-reEt?^  .fin y w^ive  Funr- 
tioci  that  includes  the  Npiimann  Fi motions  also  riivcrgfiR,  which  i*  unphysieaL. 

So  The  Ncurai-ann  functions  araiT  accp.piahlR  Functions  in  the  wave  Euinrrinn_ 

That  means  the  wave  Function.  ifi(r,  6,  41),  which  equals  K.^tr)  Y)KX^?  40.  t-ciuais 
the  following: 


vO;  oj  * j&kr)  oj 


where  ft  * (2mEJL'*/ft.  Note  that  because  k can  take  any  value,  l he  energy 
lowts  are  continuous. 
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Take  a look  al  a spherical  * i[ ua r e well  potential  Ol  illiz  kind  you  can  See  ij] 

Figure  8-2  Q introduce  square  wells  in  Chapter  3).  This  potential  traps  particles 
inside  It.  Mathematically,  you  caa  es press  the  square  well  potential  like  this: 


-V^.  where  0 < r <u 

0,  where  r > a 


Figure  B-2; 

The 
Spherical 
square  "well 
polo  filial. 


Note  that  This  potential  is-  spherically  symmetric:  and  varies  only  in  r not  in  0 
or  •£_  You  re  dealing  with  □ central  potential,  so  you  can  break  the  wave  Func- 
tion iii to  an  angular  part  and  a radial  part  (see  the  earlier  section  "Taking a 
Good  Look  at  Central  Poleullals  in  3D"). 

This  section  has  you  take  a look  at  the  radial  equation,  handling  the  two 
cases  of  0 <r<o  and  r>  o separately* 
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For  n spherical  square  well  potential,  here's  what  the  radial  equation  looks 
like  foMhe  region  0 < y * a,' 


zkilL 

2m  ■*’ 


In  this  region,  V(r>  - -V*.,  si)  you  have 


ds£ii 

2m  5r 


/Rj/)]  = E[>Ru(r)] 


Taking  the  VM  term  over  to  the  right  gives  you  tJie  following: 


And  here's  what  dividing  by  r gives  you: 


^-^r[  r R „.(  r \]  + |F^  + 1 )A  R JV  j = I F.+  V . )R  | r 
2m  r cAr'L  rJ  Ewr-  ' ' 1 1 


r 

Then,  multiplying  by -Sm/fr,  you  get 


Now  make  Ihe  change  of  variable  p & kr*  where  iV  * (2m(E  +V|())1,r2«Yi.  so 
that  Jt^fO  becomes  = K(p>.  UslriR  this  substitution  means  that 


“Vpg  where  0<r^a 

0,  where  y 


takes  the  hilJowing  fonn: 


This  is  the  sjihericaL  Bessel  equAti-an  (jnst  as  you  see  For  Ihe  free  panicle 
“HaniUmi;  Kree  Particles  Icl  AD  with  Spherical  Coordinates  "T  Tikis  time,  A = 

I n i 

Ar„ll  1 " ; ft , not  (2rriE)  /ft.  Thai  makes  sense,  because  now  the  particle 


is  trapped  in  the  square  well.  so  its  tolal  energy  is  E + not  ju&l  E. 
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The  solution  is  a combination  rtf  sphericAl  licssel  lunations  Anri  spherical 
Neumann  Eimctiocis,  where  E5,-  i*  a constant: 


So  the  radial  solution  outside*  the  square  well  looks  Like  this,  where 


V 


From  l Iil  preceding  evizIhii],  yuu  know  tlial  the  wave  function  inside  the 
Square  well  is 


So  Llow  do  you  lisid  (Lll*  constants  A,  and  B.«?  You  find  those  cuns-timEs  through 
coni  ijiuity  cuiis  trail  its:  At  thu  inside  outside  boundary,  where  r=u,  the  wave 


(miction  and  its  first  derivative  uiList  he  continuous.  So  to  determine  Arand 
B,-.  you  have  to  solve  these  two  equations: 


This  section  takes  a look  at  spherically  symmetric  harmonic  oscillators  In 
three  dimensions-  In  one.  dimension,  you  write  the.  harmonic  oscillator  poten- 
tial like  this: 

V|  _v  | - — m i d 2 x 1 


where 


(here,  is  the  spring  cnnslAnt;  that  is,  the  restoring  force  ol  I he 


harmonic  oscillator  is  F = -tv).  You  can  turn  these  two  equations  into  three- 
dimensional  versions  of  (he  harmonic  potential  hy  replacing  x with  t: 
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J i- 


V(  r )=» 

u m J 


where  w = ^ „ Because  this  potential  is  spherically  symmetric,  the  wave 

Function  is  lJoullj;  to  lie  of  the  Following  form: 


where  you  have  yet  lo  solve  for  the  radial  function  R„i(>)  and  where  Y.„(G,  <0 
describes  the  spherical  harmonics, 


The  Srhrotlin^er  tt[itatiori  Junks  like  this  in  three  dimensions: 


/ R.,fr)]=E  [r  Rtl(r )] 


Substituting  [or  V(r)  Itdeii 


jjiveji  you  the  luJJowinif 


z^JlF 

2m  $r2  F 


i s 

mw  r -+ 


Wdl,  the  solution  to  t h is  equal Lon  is  [jrdty  diMicult  to  obtain,  and  you're  not 
lJolcll[  to  gain  anything  by  joints  through  ihu  matti  (puges  and  puges  uJ  it),  sti 
here's  the  solution: 


where  exp(_0  - e''  and 


Aiwl  Ihel.  i!r‘l  h mrl  inir; 


L_ 


■ _ ■ 


r-*er  J1 


u 


dr 


7 * 
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Wow.  Aren't  yon  glad  you  didn't  slog  through  the  math?  Here  are  the  first  few 
generalized  Layuerre  polynomials: 


tr**  ^a*(y )_  ^ 

L , ' ( r | a -r  +■  (3  4*  I 

I ■■ 

„l,,*M  = =C-(f>  + 2)f  + 


L/iO 


= 


-r 

6 


{»+*) 

2 


1 


(b  + 2)(6  + 3}r  fo+l)(042)(Q4:V| 


2 


& 


AIJ  right,  you  have  the  form  lor  R,/r).  To  iind  the  Complete  wave  function 
Hr.iAll(rP  6>,  0),  you  multiply  by  the  spherical  harmonies,  Y,iM(e,  0): 


Now  take  a look  at  the  lirst  lew  wave  iuiicliuns  for  ilte  isotropic  Itanium ic 
oscillator  in  spherical  coordinates: 


-Mid 


mior 

ij 


As  you  can  see.  when  you  have  a potential  lhat  depends  on  r‘ , as  with  hat- 
monk  oscillators,  the  wave  function  gets  pretty  complex  pretty  fast. 

The  energy  of  an  Isotropic  3D  harmonic  oscillator  is  quantized,  and  you  can 

derive  the  Following  relation  for  the  enerigy  levels: 


So  the  energy  levels  start  at  2fuo/.2  and  then  go  to  5fiey2,  7fnu/2,  and  so  on. 
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In  This  Chapter 

►-  The  SchrGdinger  equation  for  hydrogen 

► The.  radial  wave  function* 

► Fnergv  degeneracy 

h»  Location  of  llie  electron 


/If  ot  only  is  hydrogen  the  most  common  element  In  the  universe,  but  its 
V also  the  simplest.  And  one  thing  quantum  physics  Is  good  at  is  predict- 
ing everything  about  simple  atoms.  This  chapter  Is  all  about  the  hydrogen 
atom  and  solving  the  Schrodlnger  equation  to  Find  the  energy  levels  of  the 

hydrogen  atom.  For  such  a small  little  guy,  the  hydrogen  atom  nan  whip  up  a 
Lot  oE  math  — and  ] solve  that  math  in  this  chapter. 

Using  the  Scbrdduigcr  equation  toils  yon  just  about  all  yon  need  to  know 
about  the  hydrogen  atom,  and  its  all  based  on  a single  assumption!  that  I he 
wave  function  must  go  tu  zero  as  rgues  to  infinity,  which  is  what  makes  solv- 
ing the  Schr&dlnger  equation  possible.  [ start  by  introducing  the  Schr&dinger 
equation  For  the  hydrogen  atom  and  lake  you  through  calculating  energy 
degeneracy  and  Figuring  out  how  far  the  electron  Is  from  the  proton. 


Hydrogen  atoms  are  composed  of  a single  proton,  around  which  rotates  a 
single  electron.  You  can  see  how  that  looks  in  Figure  9-1. 


Note  that  the  proton  Isn’t  at  the  exact  center  oF  the  atom  — * the  center  of  mass 
Is  at  the  exact  center.  In  Fact,  the.  proton  Is  al  a radius  oF  tp  from  the  exact 
center,  and  the  electron  is  at  a radius  of  r. 
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Figure  9-1: 
The  hydro- 
gen atom. 


V 


-1 


Ui 


/ 


r 


A-.  Electron 


So  what  does  theSchrddlnyer  equation,  which  will  give  you  the  wave  equations 
you  need,  look  like?  Well,  It  Includes  terms  fox  the  kinetic  and  potential  energy  of 
the  proton  and  the  electron,  Here's  the  term  for  the  proton’s  kinetic  energy: 


2/13  f' 

P 


where  3 


_ Here.,  A"  ( is  the  pruttinL!i  r position.  ylt  Li  i:m 


proton's  y position*  and  zp  Is  its  z position. 


TheSchrodlnger  equation  also  [includes  a lerm  Far  the  electron’s  kinetic  enerj^y: 

2 

2m,  ' 


-.2 


-.X 


-.2 


where  V'  ' = + -iL- ± JL- m Here,  a Is  the  electron's  ^position,  v..  Is  the 


•c 


electron's  y position,  and  z,  is  Its  z position, 
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Part  IV:  Multiple  Dimensions;  Going  3D  with  Quantum  Physics 


Hurc  s the  usual  quantum  me-eliEn'iic-al  5dirudin.j£Cr  equation  Jur  t Jit  hydrus* 

atom: 


Tilt  problem  h tliEit  yen 're  tnitEiiij  into  account  the  distance  the  proton  is 

from  tile  tenter  ul  mass  Lrl  the  atom.  so  the  math  L$  messy.  If  you  were  to 
assume  that  the  proton  is  stationaxy  and  that  r,  = 0,  this  equation  would 
break  down,  to  the  following  which  is  inucli  easier  to  solve: 


■I  ■ 


Un  fortunately,  tliii  equation  isn't  exact  because  31  ignores  the  movement  of 
the  proton,  so  you  see  ihe  more-complete  version  of  the  equation  in  quantum 
mechanics  Lexis. 


To  simplify  the  usual  Schr&dinjjier  equation,  you  switch  lo  center-of-mass  coor- 
dinates. The  center  of  mass  of  Ihe  protGii/elcclron  system  is  at  this  Local  Ions 


m,r,  4-  mr 


And  the  vector  between  the  electron  and  proton  Is 


UsiniJ  vectors  R and  t instead  of  t-r  and  makes  the  Schrodinijer  equatinn 


■L  "I 


J _ l} 


_ P| 

tf" 


1 


easier  lo  solve,  The  Laplactan  for  R Is  V„-  =-^r+  ^ 


+- 


J 


For  r Ls  V 


S: 

- 4 -£m  +• 

-j  37 


dZ 


.Vi id  ihe  Laplaclan 


A 


How  can  you  relate  Vft-  and  V/  lo  the  usual  equation’s  V,1  and  V/7  After 
the  algebra  settles,  you  yet 
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Part  IV:  Multiple  Dimensions:  Going  3D  with  Quantum  Physics 


WelJ,  well,  wnll.  This.  equation  has  terms  that  clepnucl  dr  either  y(K)  or 
but  not  bath.  Thai  ]] leans,  you  -cai]  separate  This  equation  Into  two  equations, 
like  this  (where  flhc  lotal  energy,  E„  equals  E^  4 Erj: 


Multiplying 


-h2 


2M^(R] 


V 


s 


^|RJ 


-ft'1 


Lm  by  y(K)  Lji ym s you 


3 


by  Mr(r)  wives  you 


Now  you  have  two  Schrodinger  equations.  The  nevt  two  seel  Ions  show  you 

how  to  solve  them  independently. 


SoMnq  for  \i/  (R) 


hi 


=£. 

2M 


vftV{R)=E.y(  Rj  , how  do  you  solve  lor  ^(R).  which  b the  wave 


Function  qI  Ihc  center  -r>f  mgss  oE  the  Rlcctrnn/prntnn  system’’1'  This  is  a 
straightforward  diffuriznlial  equation,  ami  the  solution  is 


rift  r- 


Y(R)  ^ Ce 


Elere,  C is  a constant  and  k Is  Hie  wave  vector,  where  k 


2ME  - 


f\ 


*— . You  can 


Find  C by  insisting  that  ^r(R  i be  normalized,  which  men  ns  that 


i = Jvfajv'(R)d,R. 

I 


This  equation  IrILs  you  that 


. TtiAr-REorft, 
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in  practice,  K,t  i-5  so  5 mail  that  people  almost  Always  jmst  ignore  v(R)  — that  is, 

they  assume  ir  to  he  I.  In  nthcr  words,  the  real  action  is  in  unfr),  not  in 

m is  v A 9 At* 

is  the  wave  function.  Eor  Ihe  center  of  mass  nl  the  Liydroijen  atom,  and  i^V)  is  ihe 
wave  function  lor  a ( fictitious ) particle  nE  mass  nx. 


The  Schrodlnger  equation  lor  y{r)  Is  the  wave  Function  Fora  made-up  panicle  of 

mass  J7?  (in  practice,  m = mr,  and  y(r)  is  pretty  close  In  rp ),  so  the  pjiertjy,  tJr,  is 
preihr  close  to  the  electron's  enert£y).  Here's  Ihe  .Schrndini^er  equal  Lon  for  y{r\ : 


Vl»  = Er^(r) 


Van  can  break  the  solution,  y(V).  into  a radial  pari  anil  Ait  artful. nr  part  (see 
ChaprcrS): 


V<tt  = RniWVj-.fe,  4J 


The  angular  part  of  vW  Is  made  up  of  spherical  harmonics.  Yr„.(Xh  <10,  so  that 
part’s  okay.  Plow  you  have  to  solve  for  the  radial  part,  Ke/e's  what  the 
Schrodlnger  equation  becomes  lor  the  radial  part: 


~/i-'  d~ 

2m  dr 


where  r = I r I , To  solve  this  equation,  you  take  a look  at  two  cases  — where, 
ris  very  small  and  where  rls  very  large.  Putting  them  together  gives  you  the 

9 X? 

rough  lorm  oE  the  solution. 


For  small  r,  the  radial  wave  (unction  must  vanish,  and  you  have 


a;  4 


2m  dr 


Ihfir 


And  multiplying  by  Urn/tr,  you  get 

=^[f  R,(r)]+^-^r  Mr)  - • 
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The  solution  to  this  equation  [S  proportional  lo 

RJr)  - Ar* « Fjr-1 ' 1 


Note,  however,  that  R.^fr)  must  vanish  as  r tfoes  to  zero  — bait  the  r"  " 1 term 

■ o r v 

goes  to  Infinity,  And  that  means  that  R must  be  zero,  so  you  have  this  solution 
F-r i l small  j: 


R*«  - rr 


That  lakes  care  of  sjiio.ll  r.  The  next  sec  Lion  Lakes  a look  at  very  large  r. 


For  very  large  r. 


Because  the  electron  is  in  a hound  state  in  Hie  hydrogen  atom,  E 0;  tluts, 

the  solution  to  Hie  preceding  equation  Is  proportional  to 


R.X0  - A* 


Jir 


where  A = 


Note  that  - A*,“,‘l  ■+  lit1  ’’  diverges  a_s  r goes  to  infinity  he-rause  ol  Hle  Be 

term,  so  B must  be  equal  to  zero.  That  means  that  R^V)  - In  Hie  ne*L  sec- 
tion. you  put  the  solutions  for  small  rand  large  r together. 


you  got  the  pouter;  Putting  together 
the  solution  for  the  mdiat  equation 

Putting  together  Hie  solutions  lor  small  rand  large  r {see  the  preceding  sec- 
tions), the  Schrodinger  equal  ion  gives  you  a solution  to  the  ractiat  SchrocLLnger 

Equation  of  Knl(7)  - j ' f {rje-' J.  where  Ely)  is-  some  as-yeS-LmcEeternuned  function 
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Tli is  equation  gives  the  recurrence  relation  of  the  Infinite  series, 


kv 

v 


.1 


k{k  +2/- J )<j, 


r 


+ z 


me 


f\ 


f--A| A + f + ]J  jyr 


JT 


= 0,  Tha t lsf  Lfyou  have 


une  coeti  ideal,  you  can.  gel  the  ] ) ejt t one  using  lhi&  equation.  ¥»■  hat  docs  thal 
buy  you?  Well,  take  a look  at  the  ratio  ol 


a 


h _ 


A(A-i-l) 


nw 

ft* 


^ i 


Here’s  what  this  ratio  approaches  as  k goes  to 


**"  ttw 


This  resembles  the  expansion  lore1,  which  is 


As  for  (?-.  the  ratio  of  successive  terms  is 


Anri  in  the  limit  it 


the  expans  ion  for  e ' appr oac  hes 


That's  Uir  rase  lor  Kor  E(?),  ynn  ha™ 


lom 


Cu]ii|jar:ii,iJ  tli-Esc  rwo  tiquatiaus.,  it's  ai^iarant  that 


IittI" 

# 
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For  ibis  series  to  terminate,  nv.„  and  so  on  must  all  be  zero,  The 

recurrence  relation  for  the  coefficients  a*  Is 


For  Ovo  to  be  zero,  the  factor  multiplying  must  be  zero  for  ft  * N > 1 , 

which  means  that 


AfA  + O- 


11M 


h 


— 1} 


Substituting  fcn  k = N i I gives  you  2 Af  N + Jt 


2 ylvCs  you  A(  Nh-  t + ] ) 


And  dividing  by 


J73E 

hl 


- 0 . MakjciLf  the  substitution  N - i*  4 ] — ^ n where 


a is  called  the  principal  amottm  rtirnF&er;  gives  you 


jiA- 


rrre 

ft* 


= L>  11=12,3.. 


This  Ls  the  quantisation  condition  that  must  be  met  if  the  series  for  F0  Is  lo 
be  Finite,  which  it  most  be,  physically: 


Eky=Z(v'* 


h-i 


Bacausa  a = — t— , the  equation  rrA^  , =0  puts  ccmstraEnls 


A 


on  the  allowable  values  of  ihe  energy*. 


energies 


atom 


The  qiwnlizatinn  condition  Jo r ijj(r)  to  ipmain  Ecnite  as  r goes  In  infinity  is 


Jr" 


(— 2nrt V 

wriure  X i=  = — . Subsli  luting  A it  Hu  the  quajitization-cotulilLun  equation 

gives  you  the  following; 


Copyrighted  material 


Hidden  page 


Part  IV:  Multiple  Dimensions:  Going  3D  with  Quantum  Physics 


In  tlhiR-  section,  you  compltto  the  calculation  oF  the  wave  [unctions,  fiu  Id-  the 
Calculation  oE  K , , , (r)  (see  rtic  earlier  section  tilled  “You  got  the  power:  Futtiug 
together  the  solulion  lor  the  radial  equation"}.  So  far,  you  know  that 

R \r)=  r'f  |V  Je"'' . where  JfV|  = Y o.r1 . Therefore, 

i a 


*~Cs 


In  Sad,  ftfcis-  isiil  quite  enough;  die  preceding  equation  comes  From  solving 
the  radial  S^hrudiuger  equalitm: 


Tlie  solution  is  only  good  to  a iHullLplLcalcvc  constant,  so  you  add  such  a con- 
stant, A,,,-  [which  turns  out  to  depend  on  the  principal  quantum  number  rr  and 
the  Angular  momentum  quantum  number  /).  Hte  this: 


>: 


i«i 


You  find  by  normalising  K^r). 

Now  try  to  solve-  for  R*(r)  by  Just  Flat-out  dolnj}  the  math,  For  example.  fry  to 
fin [l  RJ((r),  In  this  case,  n = ] and  f = 0.  Then,  because  N + i + t = n,  you  have 
IS'  = jt—  /-  1 . Sn  N = fl  here.  That  makes  K1„(jr)  look  ]ike  this: 

II 

K.  ,^ij  r | = A T uj " 


J 

And  the  sununfltLnn  in  this  equation  is  equal  tn  2^trAr'L  m ofi , so 


And  because  / = ft.  f1'  = l , so  R m(V)  = A,*e'  ^ <r„,  where.  X= 

A| 

you  can  also  write  R,qC0  ® An£  Qn  as 


. ThereEore, 
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where  rv  is  the  Bohr  radius.  'S  o find  Ain  and -r^.  you  normaliaR  *&.  -o)  to 

I,  which  means  integrating  14^, (Yr  0, 40  l"rf  rover  all  space  and  setting  the 


reside  to  ]. 


■i 


Now  dV-  r slntf  dr  da  dfti,  and  Integrating  I tie  spherical  harmonics,  such  as 

Yl>:,  over  a complete  sphere,  j| 


sinfr/tfdp.  iJives  you  1.  Therefore,  you're 


LcEi  with  the  radial  pari  to  normalize: 


I 


= /r'Rlt(f| 


dr 


y 


Pluming  K„.(rj  = Ai(,ckp[  — |cie  into  0^  Jr*|ftwk)|  efr 

V nr0  / ■ 


[Jives  you 


4- 


1 = *»  <V  J r''**P.|  ^ 


iir 


You  can  solve  this  kind  o(  integral  with  the  following  relation: 


jf-'exp^  a* ) dx  — ^ 


a 


i 


x. 


«|*9 


With  this  relation,  the  equation  1bA  |(  i f rexpl  — 

1 J l ff7\ 

i.i  V * * -I  J 


dr  becomes 


4- 


l = A lt2iv  J rexp 


-2r 

nr 


fir  A |3  -firf 


I-  2 rt, 


J 


4 


Therefore 


. r. 


A "o  ‘ r 

rt  H UD 


4 


I 


A„V 


£ 

, i 


Ay,^ 


7 

,T 

r 3 


This  is  a fairly  simple  result.  Because  AiC,  Is  just  there  to  normalize  the  result, 

you  can  set  A!P  to  I {this  wouldn't  be  the  case  if  A TiV—p  = I involved 

_ 2 ** 

multiple.  tRrms),  TherefnrR,  trfJ  = — , That’s  Eine.  and  it  makes  K], •,(/),  which  is 


* 


J 


■i 


^ i*»  t.  ^ ) “ A i3?^P 


-r 


dj 


nr 


o 


^mlr  J=  f 


V 
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Ycm  know  thar  T|jnlw(r  6,  = KJr)  WLJit.  □ j . 


And  so  0,  4«)  bcLoanus 


Whew.  In  general,  here's  wFiaiT  the  wave  function  »+rlliVll( 6,  <j>)  looks  Like?  Eor 
tLydroijeii: 


where  1 ni_f_L“' r (2 rf^fQ  Ls  a tfeneralLaetf  l-asuerre  polynomial,  Here  are  the  first 
Few  generalized  l^tfiierre  polynomials: 


l>+2'|[*  + l) 

L < 

2 


p"1  L 


■H 


J 


-r 


,S 


(ft  + S)(*+3} 


(i 


2 


_+"  ~6~^  " 


So  whdl  do  the  hydrogen  wave  lunetions  took  Like?  In  the  preceding  section, 
you  tiiid  that  ^mp(r;  8_  looks  like  this: 


Here  are  some  othnr  hydrngnn  wave  functions: 
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Note  that  yni.J'r,  4-)  behaves  like  y for  small  p anel  therefore  Ljoes  to  zero. 
And  lor  Janje  y,  ^nfv,(rp  0.  *p)  decays  exponentially  fn  zero.  So  you've,  solved  the 
problem  yon  liad  earlier  of  the  wave  Eduction  dlverijiny:  as  r becomes  lnrt*e  — 
and  all  because  uF  the  quant izatiun  condition.  which  cut  the  expression  fur 

f (r)  from  an  exponent  to  a polynomial  of  limited  order.  Nol  bad. 


You  can  see  the  radial  wave  function  Ft,d(r)  In  Figure  9-2.  R^fcr)  appears  jii 
Figure  9-3.  And  you  can  see  R (/)  Ln  Fljjure  9-4, 
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Part  IV:  Multiple  Dimensions:  Going  3D  with  Quantum  Physics 


Figiit*  M:  I 

W j 


Fjich  quantum  state  of  the  hydrogen  atom  is  specified  with  three  quantum 
numbers:  n (the  principal  Quantum  number),  j'  (Hie  angular  momentum 

V I »A 

quantum  nnmher  of  the  electron),  and  m (the  z component  of  the  electron's 
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Part  IV:  Multiple  Dimensions;  Going  3D  with  Quantum  Physics 


You  may  be  asking  yoursell  — what  about  the  spin  of  the  electron?  Right  you 
are!  The  spin  of  the  electron  does  provide  additional  quantum  states.  Up  to 

now  in  this  sec  tion,  you've  been  treating  the  wave  function  ol  the  hydrogen 
atom  as  a product  of  racliaJ  and  angular  parts: 


Ynud>.  G.  i'i  = £*,il(r)V,,u(0:  <j)) 


Now  you  uau  add  fi  spin  part,  corresponding  to  the  spin  o£  the  electro]], 

where  & is  tile  spin  of  the  electron  and  srs,  is  the  z component  of  t.ie  spin: 


The  spin  pari  uS  the  equation  can  take  the  Julluwiny;  values: 


Iv*  I '/j.  "/»:■ 

i **  1 7*.  -’/*> 

Hence,  i),  40  now  becomes  nf,*,™  (>.  «.  40: 


( r Atf } = R v ( r ) ' V„  { O.is  )|s,  m J 


And  this  wave-  Junction  can  take  two  different  forms,  depending  oi\  jjjv 
Like  this: 


Iji  lad,  you  can  use  the  spin  ciotatioji  (which  you  use  in  Chapter  6),  where 
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For  example,  tor  I !/=,  you  can  write  the  wave  function  as 


Aud  lor  I ]fi,  - /s>.  you  cau  write  the  wave  functioni  as 


0 

I 


What  does  this  do  to  the  energy  degeneracy?  ](  you  include  Lhe  spin  of  the 
electron,  (here  are  two  spin  slates  for  every  state  I n.  /,  /??>.  so  the  degeneracy 
hecome-s 

Dfifteneracy  = Y ^ 2!  - 1 \ = 2n 2 

l»U 


So  If  you  Include  the  electron's  spin,  the  energy  desen eracy  of  the  hydrogen 

atom  is 


In  l.ict,  you  can  even  arid  the  spin  ol  the  proton  to  lhe  wave  Function 
{■although  people  don't  usually  do  that,  because  The  proton's  spin  inlenicts 

only  weakly  -with  magnetic  liekls  applied  to  the  hydrogen  atom),  hi  that  case, 
you  have  a wave  function  lhal  Looks  like  the  following: 


■ 

■ 


where  s,.  Is  the  spin  of  the  electron,  m^K  Ls  the  z component  ol  the  electrons  spin, 
5^,  is  the  spiu  of  the  proton,  and  m.,,  is  the  z component  ol  the  proton's  spin. 
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Part  IV:  Multiple  Dimensions:  Going  3D  with  Quantum  Physics 


If  you  Include  the  proton's  spin,  the  wave  function  can  now  take  four  different 
forms,  depending  on  rru,  like  this: 


v*  V 

* r-h 

p"1  fcv 

^ it 


T Jic  deyen eraey  must  now  Include  the  proton's  spin,  so  that  s a (actor  of  four 
for  each  I rr,  i.  ms 


■«J*| 

Degeneracy  = V 4(  2J  + l j 


When  you  study  heated  hydrogen  Lri  spectroscopy,  you  gel  a .spectrum  con- 
sisting of  various  lines,  named  the  s ((or  sharp),  p (for  pnncipai).  d (for  d j/- 
I’hse),  and  f (for  furidamerftQl)  lines.  And  other,  unnamed  lines  are  present  as 
well  “ theg.  h and  so  on. 


The  p,  d,  f,  find  the  resl  ol  rhe  tines  turn  ont  to  correspond  In  different 
angular  momentum  jitntFJi  ol  Itie  cJenli  on,  called  orhita /*.  The  5 stale  -cor re- 
.sporirfF-  to  I = 0~  fhep  state,  to  l = I;  the  d state,  rn  / = 2'  the  / stale,  to  f = 3;  and 
so  on.  Each  oE  thcs-F  angular  momentum  stares  lias  a cliFEcrenity  shaped  elec- 
tron Cto-utl  around  the  proton  — that  in-,  □ dikercut  orbital. 

Three  quantum  numbers  — rrr  l and  rn  — determine  orbitals-  For  example, 
the  electron  cloud  lor  the  It,  0*  fl>  state  (]sr  with  m ■ Oj  appears  in  Figure  9-5, 
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Chapters:  Understanding  Hydrogen  Atoms  227 


Tilt  1 4_  3,  2* 


state  (44  with  i«i7  = 2)  a p p ta rs  ii l Figure  9-6. 


Figure  9-U: 
Th&  |4r  3, 2> 
stale. 


C opy  ri  g hted  m atari  al 


Hidden  page 


And  because  Tfnrwt'rr  tf)  = t Iris  equation  heroines  thp 

following: 

] |K  { r J V>;  [ 0. 0)1*  sin  0 d3  f dd  r <ir 

<3  *3 


The  preceding  equal  ion  E!i  ccjuaJ  Id 


irt?  { 

>3 


Spherical  harmonica  are  normalised,  so  l his  just  becomes 


IRMifr)|V(fl' 

Okay,  (hat  s rtie  probability  thal  the  electron  is  inside  the  spherical  shell 

Front  rtD  r r dr.  So  the  rap  eclat  Lon  value  of  r which  is  -=r>,  is 

(r)=  jr|R%.(r)|Srfr 


which  is 


This  is  where  things  \i e t more  onnipJex,  because  l\,,,{ r>  involves  Hip  Liguerre 

polynomials.  Bui  alter  a tut  of  math,  litre's  what  you  get: 


where  q.  is  the  Bohr  radius-:  q = 


/i 


rrif 


. The  Bohr  radius  Ls  about  5.29  x 10 


,-L-iII 


melers,  so  the  expectation  value  of  the  electron’s  distance  From  the  proton  Is 


= I flu2  - IQ  t ])](2.65  x Hi 5I)  meters 
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In  This  Chapter 


Looking  al  wave  functions  and  Hamiltonians  in  many-particle  systems 


Working  with  Identical  and  distinguishable  partlelES 


Identifying  and  creating  symmetric  nnd  antisymmetric  wave  Euncfi-ons 

Explaining  electron  shells  and  the  periodic  table 


ydrogen  atoms  (see  Chapter  9)  involve  only  a proton  and  an  electron, 
"but  all  other  atoms  Involve  more  electrons  than  that.  So  how  do  you 
deal  with  multiple-electron  atoms?  For  that  matter.,  how  do  you  deal  with 
multi-particle  systems,  such  as  even  a simple  ]>as? 

In  federal,  you  cm  > deal  wish  problems-  Likp  this  — exactly . anyway,  Imagine: 
the  complexity  ol  jjLER-t  Two  electrons  moving  in.  a liRliLBm  atom  — you'd  have 
to  lake  into  account  rtiu  interact  ion  oE  the  electrons  ciol  only  wilts  the-  nucleus 
ol  the  atojii  but  also  with  each  other  — and  that  depends  on  their  relative 
positions.  So  not  only  does  She  Hamiltonian  have  a term  in  lor  the  poten- 
tial energy  of  the  first  electron  and  lh  for  the  second  electron,  but  It  also  has 


a term  In 


l 


r, 


for  the  potential  energy  thrd  comes  from  the  Interaction  of 


the  two  electrons.  And  that  makes  an  exact  wave  function  Just  about  Impos 
slide  to  hnd„ 


However,  even  without  finding  exac  t wave  tLinctioris,  you  can  still  do  a sur- 
prising amoLinl  with  multi-particle  systems,  such  as  deriving  the  AjjjJr"  exclu- 
sion lpji7"fT4LJ:p-Jl£fi — which  says.  among  other  things,  that  no  two  electrons  can 
be  in  the  exact  same  quantum  state.  Ill  fact,  you'll  probably  be  surprised  at 
how  much  you  can  actually  say  about  multi-particle  systems  using  quantum 
mechanics.  This  chapter  starts  with  an  Introduction  lo  many  particle  systems 
and  goes  on  to  discuss  identical  particles,  symmetry  (and  anti-symmetry)* 

and  electron  sh-eils . 


Copyrighted  material 


232  Part  IV:  Multiple  Dimensions:  Going  3D  with  Quantum  Physics 


You  can  sc-l  i multi-particle  System  in  Ryu  re  1 0-1,  where  a number  of  par- 
t it  Its  are  identified  by  their  posit  ion  (iynort  spin  lor  the  moment).  This  sec- 
tion captains  how  to  describe  that  system  in  quantum  physics  terms. 


Figure  id-’I: 
Arnulti- 
pflrftle 
s^tem. 


Ph  ltlL  j'l?  I 


Panic!*  z 


Beijln  by  wor  king  wifh  the  wave  Function,  The  state  of  a aysfem  with  many  par- 

shown  tn  Fijfliire  10-1,  Is  Riven  by  ipCr,  r.,,  Anri  her  e a the  proba- 
bility that  panicle  I is  in  jf vh  particle  2 is  in  dv^,  particle  3 is  in  rfV:ll  and  a-n  on: 


Kri  • ■ r£  r 


The  normalwalion  of  u(rr*  r?I  fi!§  demands  that 
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Part  IV:  Multiple  Dimensions:  Going  3D  with  Quantum  Physics 


Figure  UI-2: 
A multi- 
dec  Lrem 
alum. 


E'iecftm  ! 


Center  of  Mess  &nclmn  2 


If  you  hav*  L electrons,  the  wave  Emotion  Innks  like.  ^{rit  a,  iv.  R).  And  the 
kinetic:  energy  oJ  the  eJe-rl  rons  and  the  nucleus  Looks-  like  this: 


A]]d  tlie.  ]3dtentiaJ  nneryy  d I ttie  .system  looks  Like  this: 

PE  m-%~rLzpt>  r"r*'~  -r?  ■ ■ J ■ ■**Z  nr— i^i - • -r?  • * 


L-y  i r,-r( 


So  adding  the  two  preceding  equations,  here's  what  you  set  for  the  total 
energy  (L  = KK  ♦ PJi)  of  a Tnult i-pziLl i-cl^  atom: 


Okay,  now  that  looks  like  a proper  mess.  Want  to  win  the  Nobel  prkte  In  phys- 
ics? Just  come  up  with  the  general  solution  to  the  preceding  equation.  As  Is 
always  the  case  when  you  have  a multl-partlcLe  system  In  which  the  particles 

■ xi 

Interact  with  each  other,  you  can't  split  this  equation  Into  a system  i>f  N inde- 
pendent equations. 
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In  ra5P-5  when?  the  N particles  of  muMi-pgrtide  system  rinn't  interact  wifh 

p.arh  other,  where  you  can  ciisr.onrip.ct  the  Eunhrodiriger  eqiHticin  mto  a set  oE 
rs  indepnmienT  equatinns,  solulions  may  he  possible.  But  when  the  particles 
interact  anil  Use  Sclirodinger  equation  depends  on  those  interactions,  yens 
□□n't  soEve  that  equatimi  fur  any  siguificartt  number  oE  particles-. 


However,  that  doesn't  mean  all  is  lost  by  any  means . You  can  still  say  plenty 
about  equations  like  this  one  if  you’re  clever  — and  It  all  starts  with  an  exam- 
ination of  the  symmetry  of  the  situation,  which  I discuss  next. 


Even  though  finding  general  solutions  fur  equations  like  the  one  lor  the  total 
energy  of  a multi-particle  atom  (in  the  preceding  sOeliun)  is  impossible,  you 

can  still  see  what  happens  when  you  exchange  particles  with  each  other  — 
and  the  results  are  very  revealing.  This  section  covers  the  idea  of  Interchange 
symmetry. 


Order  matters:  Strapping  particles 
With  the  exchange  operator 

Yuu  Carl  determine  whnt  happens  to  Ifle  wave  luncliu]]  when  yuu  swap  two 

particles.  WhcitlCr  the  wav®  lucid  ion  j£  Symmetric  under  such  operations 
gives  you  insight  ioto  whether  two  particles  can  occupy  the  sin  no  quantum 
state.  Tilts  section  discusses  swapping  particles  and  looking  at  symmetric 
and  antisymmetric  (unctions, 

Take  a look  at  the  genera]  wave  Junction  tor  N panicles; 


K'i.  rs 


i -ii  ly,  —i. 


Note:  111  this  chapter.  J talk  about  symmetry  in  terms  of  the  lucatiuii  coor- 
dinate. r,  to  keep  things  simple,  but  you  can  also  consider  other  quantities, 
such  as  spin,  velocity,  and  so  on.  That  wouldn't  make  this  discussion  any 
different,  because  you  can  wrap  all  of  a particle's  quantum  measurements  — 
location,  velocity,  speed,  and  so  on  — ■ into  a single  quantum  state,  which  you 
can  call  Doing  so  would  make  the  general  wave  function  for  N particles  into 

this;  qrf^i.  ,,n  E,,,  ,.„  ' v)t  Eut  as  l said,  this  section  just  considers  the 

wave  Junction  y(r.,  r r„  ....  r , rN]  to  keep  things  simple. 
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Now  Imagine  that  you  liave  an  exchange  operator,  Pf,  that  exchanges  par- 
tides  j and,/  In  other  words. 


IB  ID 


lll^ 


> 


li  i m 


x)  * Mri  < r& 


l ll  I 


l l l| 


And  P i = Pjv  SO 


rv-)  = iy(*v 


= PjYO'i.  r* 


Also,  note  that  applying  the  exchange  operator  twice  just  puts  the  two 
exchanged  particles  back  where  they  were  originally,  so  P9‘  - 1.  Eleres  what 
that  looks  like: 


Pa  P $ i|r(rll 


r, 

' fc- 


I I ■ I r| 


r. 


rv)  = PMn  ■ ntr 


pi  i| 


> 


IFI^ 


ft 

P 


,1 


However,  hi  yjoilcral,  P^-  And  P^v  (where  //  £ fa\)  du  not  com  mutt.  Thai  is. 

Py  Fv , & P,,,,  P”  (ij  £ Ji'tr).  Therefore-,  £ P Prtl]  ^ 0 (*/  ^ Jwi).  For  example,  s ay  _y o u 
have  lour  particles  whose  wave  (one Lion  is 


r,.r.  ] = 


Apply  the  exchange  operators  P, ? and  PM  to  see  whether  P,>  P, , equals 
Ph  P[2*  Here’s  PM  vO,.  rs,  r3t  r,,>: 


Arid  here's  what  P|*P^  w(r\,  r*.  r?,  r,)  looks  like: 


Okay  . Now  take  a look  at  P^  P^  v(  rh 


r:i  ra,  r, . I fere's  PJ2  y»V  ra,  rj: 


Arid  here's  wliat  Pu  PLt  v(>i,  r2. 


ri_  rrl")  I LM>ks  like" 


r jfj  ^ 
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. jr  y 

As  you  can  Me  by  comparing  J = ' and  this  East  cciLHtiQn, 

ri 


PjM  P2r w(f[,  Fy,  rtj  * lJn  ^ij  yf-r'i.  r:|.  rO-  In  otlipr  words,  the  order  in 
which  you  sj]|]ly  exchange  o-perator.H  /Tirr/Jffrs. 


ufat/e  functions 


Pv2  ■ ] ( see  the  preceding  section),  so  note  that  II  a wave  function  Is  an 
eigenfunction  of  F^-.  then  the  possible  eigenvectors  are  \ and  -I.  That  Is, 

for  n*j,  ...,  fj. ...,  r,  ....  A;) -an  eigenfunction  ol  F„  Looks  like 


....  a)  = vOi.  A,  -A 

or  -if  (r,  , r.. 


That  aneailS  there  arc  Uvo  kinds.  of  elycnluiicUOiis  of  the  exC  hinge  Operator: 


v Symmetric  eigenfunctions;  P*v*(r,*  a,  r,. 

tp,fr 1 1 ,•«,  r,  ,aB,  ut,  f 

tj| 

Ariltayminclrlc  cdgfinftim^EkjTuc  P(Jy4 \r^  in.r , 

"™"4^ 1 1 t /" l ■ ■■-■I  *■-!  ^ *"'i  rs> 


■ i|  f ,■  riB|  ?Kv)  ~ 

• rB  inp  ) — 


Now  take  a look  ar  some  symmetric  and  sum t antisymmetric  eigenfunctions. 
How  about  tldi  Oik1  — is  it  symmetric  or  acLiisyinmctrit:? 


ViCa,  a’)  = Oh  - CT 


You  can  apply  the  exchange  operator  Py£ 

pu  Vi(i-,,  r,J  a (r3  - r,)2 

Note  that  because  (r,  - yjf  - - r{y>  if  ^r,.  rj  is  a symmetric  wave  function; 

that's  because  Vn  Vjf'',,  a)  = Vl(a.  a)- 


How  about  this  wave  Junction? 


2 

*■  ' + ^ 


Attain,  apply  the  exchange  operator,  P.,.; 
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3 hr/ 


Ti  |T  T.  F!s  "h  fi 

P i j Y'ifa' ) s -* ^ 


l/i-r. 


Okav,  bul  because 

v ■ 


■S-Q  ^ is  symmetric. 


r,J,|irV3 

r * you  know  that  : { r L _ rj  ■ lfrj< ^“i . rv), 

,ri“rij 


Here's  another  one: 


Now  apply  F|.2: 


How  does  that  equal  Ion  compare  to  theorlylnal  one?  Well, 

Sfo-r,)  _-5(rl-r,l 

.*  , so  P j-;  w ,(r | , rjJ  - -fifr, , rv).  Therefore,  H* ;i , > ri)  to 


h - 1 ) 


I r-r  I 


antisymmetric. 


What  about  Hits  one? 


To  find  out, apply  P,.: 

r .= W (', . **= ) = -r,TT+^,+^ 


AIJ  ri^ht  — hd>v  i this  compare  with  the  ori^nal  equation? 

T^-TT^  r?  + ^ = , V\,^*  + r’ 


I *-  ri  J 


[r>.  - r, J 


QfeflV 


r*  jCi  Ls  symmetric!. 


You  may  think  have  this-  process  down  pretty  well  but  what  about  this  next 
wive  function? 


Start  by  applying  P | ■: 


So  I inw  da  these  two  equations  compare? 


That  Is,  rD  Is  neither  symmetric  nor  antisymmetric.  In  other  words, 
i)f.;(r|,  r+)  is  not  an  eigenfunction  oi  the  Pjv  exchange  operator. 


All  right,  if  you’ve  been  reading  this  chapter  from  ihe  start,  you  pretty  much  have 
the  Idea  of  swapping  particles  down.  Now  you  look  at  systems  of  particles  that  you 
can  distinguish  that  is.  systems  of  JdentlAably  different  particles . As  you  see  In 
this  section,  you  can  decouple  such  systems  Into  linearly  independent  equations. 

Suppose  you  have  a system  of  many  different  types  of  cars  floating  around  in 

space.  You  can  distinguish  all  those  cars  because  they're  all  diJJemd  — I hey 
have  different  masses,  for  one  thing. 

Now  say  Hurt  each  car  interacts  with  its  own  potential  — that  is.  the  potential 
that  any  one  car  sees  doesn't  depend  on  any  other  car.  That  means  that  Lhe 
potential  lor  all  cars  is  just  lhe  sum  of  Lhe  individual  potentials  each  car  sees, 
which  loots  like  this,  assuming  you  have  N cars: 

Kl 

PE  = V(  r, , } = £ v(  *;) 

M 

Being  able  lo  cut  lhe  potential  energy  up  into  a sum  of  independent  terms 
like  this  makes  life  a lot  easier.  Here’s  what  the  Hamiltonian  looks  like: 
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Figure  19-3: 


An  electron 
collding 
wLh  another 
tfluclron. 


But  now  look -at  the  scenario  in  Figure  IfM  — the  etecErorm  coirld'vp.  bounced 
Like  that,  nor  like  the  hounce  shown  in  Figure  lft-3.  And  you'd  never  know  it. 


Figure  1M: 

An  Electron  ”* 

coddmn 
■/with  another 

electron. 


So  which  clcctrun  is  which?  From  the  experimenter's  point  oE  view,  you  can't 
tell.  You  cka  place  dekzctors  k>  calch  t III:  electrons,  but  you  can  t deteraniuc 
which  of  the  incoming  electrons  ended  up  in  which  detector,  because  til  I he 

two  possibk:  scenarios  in  Figures  10-3  and  10-4. 


Quantum  mechanically.  Identical  particles  don’t  retain  their  Individuality  In 
terms  of  arty  measurable,  observable  quantity.  You  lose  the  Individuality  of 
Identical  pari  Ur  tea  as  soon  as  you  mk  them  with  similar  particles.  This  Idea 
holds  true  for  any  N-particle  system.  As  soon  as  you  lot  N identical  particles 
Interact,  you  can't  say  which  exact  one  is  at  r{  or  r=,  or  r:i  or  n and  so  on. 

4 It  ■ t 
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Part  IV:  Multiple  Dimensions:  Going  3D  with  Quantum  Physics 


In  practical  terms,  the  loss  of  Individuality  among  identical  particles  means 
that  the  probability  density  remains  unchanged  when  you  exchange  particles. 

For  example,  if  you  were  to  exchange  electron  lQ,2gl  with  electron  r>9,830„ 

you’d  still  have  the  samE  probability  that  an  electron  would  occupy  rfVlD;iK| 
and  d r-^o. 


Here  s what  iIlLs  idea  Looks  like  mathuiEuiticalJy  fraud  s are  5 III1  location  and 

a pins  dl  iIlu  particles): 

m n 

I ip(F|.S-,  r^2 rfi,. ....  rJ;,.  ....  r^~)\m>  * uCr^i.  rA*  rNs:0 1 ’ 


The  preceding  equal  Ion  means  that 


^ y(r i l . ? i ■■  'i  ,-,‘r  qrSr  mi r 1 - ^ 4 d r i j ■«  jry£,i  r,_i  m * in-^) 

So  the  wavL  fuuctiuci  cd  r svstcjiifc  ol  N identical  particles  must  be  either  sym- 
metric or  Emtisymmulric  when,  you  exL'IiEUi^e  hvu  particles..  S-p  ioi  turns  out  to 
be  tilt  deciding  factor: 


Acilis-yuiuietLit'  wave  fnnctioin  II  I he  part  iC  lei  llAvt  hiK-Odd-u  ile^ral 

spin  (_%  and  so  on),  then  ibis  is  how  the  wave  (unction  looks  under 
exchange  of  particles:; 

^ptjr|S[i  rr- !'  r,_i  rj*y  1M|  ~ 2 ' ,r,,r  ,,,,  ■'  ‘''i 

Symmetric  wave  flinch  out  IF  the  particles  have  integral  spin  ([>,  ],  and 
so  on),  this  L?  how  she  wave  ftmcikin  looks  under  exchange  ol  partied; 

'vO-tfh  ft*. 2. rfl M r>s,  »\SS)  = w(c|Sh  #■*,, rs, ...„  m, i*Ss) 


Having  symmetric  or  antisymmetric  wave  functions  leads  to  some  dilleient 
physical  behavior,  depending  on  whether  the  wave  function  is  symmetric  or 
antisymmetric, 


In  particular,  particles  with  Integral  spin,  such  as  photons  or  pi  mesons,  are 
called  batons.  And  particles  with  halF-odd-intetfral  spin,  such  as  electrons,  pro- 
tons, and  neutrons,  are  called  fermions,  The  behavior  ol  systems  ol  fermions-  is 
very  different  from  the  behavior  pf  systems  oF  bosons. 
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Part  IV:  Multiple  Dimensions:  Going  3D  with  Quantum  Physics 


But  what  il  the  particle  you're,  studying  is  a composite  particle?  What  iE,  fm- 
example,  you  haire  an.  afphn  pnrtit:iet  which  is  made  up  of  two  protons  and 
two  neutrons?  Is  that  a Sermion  or  a hoson? 

■t  ■ iJ  OBI  r tin 


111  lacr,  protons  «heic3  neutrons  themselves  are  made  up  ui  three  quarks,  and  pi 
mesons  are  made  up  ol  'wo  — and  quarks  have  spin 


Composites  can  be  either  Fermions  or  bosons  — it  all  depends  on  whether 
the  spin  oi  the  compostle  particle  ends  tip  being  half-odd-lntegral  or  integral. 
If  the  composite  particle’s  spin  Is  7*  Vj.  V**  and  so  on,  then  tbe  composite 
particle  Isa  Fermion,  If  the  composite  particle's  spin  Is  0, 1. 3,  and  so  on,  then 
the  composite  particle  is  a boson. 


Ju  general,  il  the  composite  particle  is  made  rip  nF  an  odd  number  of  fermions, 
then  it's  a Fermion.  Otherwise,  it  s a boson.  So  Eor  example,  because  quarks 
are  lermions  and  because  iiucJeuns  such  as  protons  and  neutrons  are  made 
up  ol  three  quarks,  those  nucleons  end  up  being  fermions.  Etui  because  pi 

mesons  are  made  up  of  two  quarks,  they  end  up  being  bosons.  The  alpha 
particle,  which  consists  oF  two  protons  and  two  neutrons,  Is  a boson.  You  can 
even  consider  whole  atoms  to  be  composite  particles,  For  example,  consider 
the  hydrogen  atom:  That  atom  Is  made  up  of  a proton  (a  fermion)  and  an  elec- 
tron (another  fermion),  so  that's  two  fermions.  And  thal  makes  the  hydrogen 
atom  a boson, 


Many  of  the  wave  functions  that  are  solutions  to  physical  setups  like  the 
square  well  aren’t  Inherently  symmetric  or  antisymmetric:  they’re  simply 
asymnfefrfc-  Fn  other  words,  they  have  no  definite  symmetry,  So  how-  do  you 
end  up  with  symmetric  or  antisymmetric  wave  functions? 


The  answer  is  that  you  have  to  create  them  yourself,  and  you  do  that  by 

adding  together  asymmetric  wave  functions.  For  example,  say  that  you  have 
an  asymmetric  wave  (unction  of  two  particles,  r-Sj). 


To  create  a symmetric  wave  function,  add  together  ip(r:f|,  r-s?)and  the  version 
where  the  two  particles  are  swapped,  yCiM*.  P|Sj).  Assuming  thal  y (y Ls , , r*s,) 
and.  TtriS^,  r|S ) arc  normalised,  you  can  create  a symmetric  wave  (unction 
using  these  two  wave  functions  ihls  way — Just  by  adding  the  wave  Functions: 


rii'i.r,Sj 
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Part  IV:  Multiple  Dimensions:  Going  3D  with  Quantum  Physics 


Arid  Ihe  total  energy  Is  Just  (lie  sum  of  the  energies  ol  the  individual  particles: 


But  now  look  at  the  wave  function  for  the  system,,  Earlier  in  the  chapter  (see 
"Floating  Cars:  Tackling  Systems  of  Many  Distinguishable  Particles”),  you 
consider  the  wave  function  of  a system  of  N distinguishable  particles  and 
come  up  with  I h.e  product  of  all  the  Individual  wave  functions; 


However,  that  equation  doesn't  work  with  identic!  particles  because  yon  can't 
yay  that  partick  1 is  eel  state  ^(r  ),  particle  2 is  in  state  u^fr-i).,  4tLid  su  ui]  — 

thty'rt  identical  pirtidOS  litre,  not  di&lingliishabk  particles  as  L el O r u . 


Tilt  other  reason  this-  equation  doesn't  work  here  is  that  it  has  no  inherent 
symmetry  — and  systems  of  N identical  particles  must  have  a definite  sy m- 
metry . So  instead  of  simply  multiplying  the  wave  functions,  you  ha’-'e  to  be  a 
llttEe  more  Ccwefcil, 


How  do  you  create  symmetric  and  antisymmetric  wave  functions-  fur  a two- 

particle  system:'  .Start  with  the  single-particle  wave  fun-rti-nns  (see  the  earlier 
section  "Building  Symmetric  and  Antisymmetric  Wave  Kunetions"); 

^ ■ ■ r 


y,  iys ) = -L[  y(rr?, , frta ) + y^,  r,s , )] 

Vt 


I rs,,r;i_.)=-L[ 

\'2 


By  analogy,  here's  the  symmetric  wave  Function,  this  time  made  up  oE  two 
single-particle  wave  functions: 
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And  Tide’s  the  antisymmetric  wave  function,  made  up  ol  the  two  single-parti- 
cle wave  functions: 


where  stands  for  all  the  quantum  numbers  of  the  ft h particle. 

Mote  In  particular  that  r..sj}  = I'i  when  ti,  - In  other  words,  the  anti- 

symmetric wave  function  vanishes  when  the.  two  particles  have  the  same  set 

uJ  quantum  numbers  — that  is.  when  lliuy'rc  in  the  same  quantum  slain.  That 
idea  has  important  physiuii  ramifications. 


You  can  also  write  wk(r(S|.  r:& j)  like  this,  where  P is  Hie  permutation  operator, 
which  lakes  the  permutation  ot  its  argument 


V-  ) = ”S7  IpV-,  fa. ) vm 


, 


Arid  also  nole  tli-al  you  can  svrile  ^(ri-Si,  r2&^)  like  this-: 

-rr-'Li-tf  p^fa»K  fa.) 


p 


where  the  term  {-I)1'  Is  I for  even  permutations  (where  you  exchange  both  r.s, 
and  and  also  a,  and  n*)  and  -l  for  odd  permutations  (where  you  exchange 
r.s.  and  t.-T-t  but  not  n,  and  n-.;  or  von  exchange  n.  and  rr.  but  not  /ss,  and  e.s-.Y 

a1  *fe  H - HIT  " ™ z 53  * ! D fii> 

In  l.irl\  ps-cvplF  sometimes  w r iT p ss,  r*_s, * ) in  determinant  Eorm  like  this: 


k.  fai.rA)E_irdcl 

1 V2! 


V.,  ( ) 

^fa.) 


9\fa0 

^ fai ) 


Note  that  this  determinant  L-s  *ero  if 


Waite  (unctions  of  three -or -more  -particle 

systems 

Now  you  iJfT  to  pur  together  ItiF  wave  function  ol  a system  oE  three  particles 
from  smj'Lc-partkk  wave  functions-. 
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Chapter  10:  Handling  Many  Identical  Particles  25  / 


The  Fnisfi  fmcfipinn  principle  slates  that  no  |wo  electrons  can  occupy  the. 
same  quantum  state  inside  a single  atom.  Anri  that  result  is  important,  for  the 
structure  oi  atoms.  Instead  of  just  piling  on  willy-nilly,  electrons  liave  to  fill 
quantum  states  that  aren't  already  taken.  The  same  isn't  true  lor  bosons  — for 
example,  if  yuu  have  a ticap  ol  alpha  particles  (bosons),  they  can  nil  be  in  the 
same  quantum  state.  Not  so  lor  term  ions. 


There  are  various  quantum  numbers  that  electrons  can  take  in  an  atom  — n 
(the  energy),  1 (the  angular  momentum),  m (the  z component  of  the  angular 
momentum),  and  (the  z component  of  spin).  And  using  that  information, 
you  can  construct  the  electron  structure  of  atoms. 


One  of  the  biggest  successes  ol  the  SchrGdinger  equation,  together  with  the 
Pauli  exclusion  principle  (see  the  preceding  section),  is  explaining  the  elec- 
tron structure  of  atoms. 


The  eleclrpns  in  an  atom  have  a sheli  structure,  and  ihey  Fill  that  structure 
based  on  the  Pauli  exclusion  principle,  which  maintains  that  no  two  electrons 

can  have  the  same  state: 

Ip*  The  major  shells  arc  specified  by  the  principal  quantum  number,  n,  cor- 
responding to  the  distance  of  the  electron  from  the  nucleus. 

t*  Shells,  in  turn,  have  subshells  based  on  the  orbital  angular  momentum 
quantum  number,  l 

t>*  In  turn,  each  subshell  has  subshells  — called  or&r/afs  — which  are  based 

on  the  z component  oF  the  angular  momentum,  nj. 


So  each  shell  n has  n ~ 1 subs  hells,  corresponding  to  1 = 0,  1,  2,  n - 1 , And  In 
turn,  each  subshell  has  21  + 1 orbitals,,  corresponding  to  /?r  = I, M. 


Much  as  with  I III  hydrogen  alum,  the  various  subshells  (1  = 0,  1,  2, 3.  4,  and 

so  on)  ore  called  the  s,  p,  d.  f,  g.  h.  and  so  on  states.  So,  (or  example,  for  a 
given  /i,  an  & state  lias  one  orbital  (/n  = 0),  a p state  has  three  orbitals  (rn  = -1, 
0.  and  l ),  a d slate  has  five  orbitals  (nr  = -2,  -1,  0.  I,  and  2),  and  so  on. 

■ -M  W: 

In  addition,  due  to  the  z component  OF  the  spin,  rrrv  each  orbital  can  contain 
two  electrons  — one  with  spin  up.  and  one  with  spin  down, 
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Part  V:  Group  Dynamics:  Introducing  Mull  ip  to  Particles 


Perturbation  theory  Lets  you  handle  situations  like  this  — as  Long  as  the  pertur^ 
ballon  Isn't  too  strong.  In  other words,  If  you  apply  a weak  magnetic  field  to  your 
known  system,  the  energy  levels  will  he  mostly  unchanged  hut  with  a correc- 
tion, (Naiv:  That’s  why  it's  called  perturbation  tftewy  and  not  dmslic-intorfewnce 
theory. j The  change  you  make,  to  the  setup  is  slight  enough  so  that  you  can  cal- 
culate-the  resulting  energy  levels  and  wave  functions  as  oomectfons  to  the  funda- 

■ 

mental  energy  levels  aud  wave  Imclioru;  uj  sJie  unperturLicd  system. 


So  vvliai  d-LWfs  it  mean  lo  taJk  ol  perturbations*  ins  physics  terms?  Say  lliat  you 

have  tli  is  Hamiliociian: 


11  = EL  -t- XV/  [A«l] 


Flere,  II  is  a known  Hamiltonian,  with  known  eigeEifuEictions  and  eigenvalues. 


and  kW  is  the  so-called  perturbation  Hamiltonian,  where  indicates  that 
the  perturbation  Hamiltonian  is  small. 


Finding  the  eigenstates  of  the  llainiltonian  in  this  equation  is  what  solving 
problems  like  this  Is  all  about  — in  other  words,  here's  the  problem  you  want 

to  solve; 


The  way  you  solve  this  equation  depends  on  whether  the  exact,  known  solu 
tlons  of  Hm  are  (tegenemie  (that  is,  .several  states  have  the  same  energy)  or 
non degenerate,  Thenejrt  section  solves  the  nondegenerate  case, 


Start  with  the  case  In  which  the  unperturbed  Hamiltonian.  II,,.  has  nG/tdegptr 
erote  solutions.  That  Is.  for  every  state  l^f,  there’s  exactly  one  energy,  E. . 

that  isn’t  the  same  as  the  energy  for  any  other  state;  H |d.)«  li„|d.)  (just  as  a 

one-to-one  function  has  only  one  x value  for  any  v)„  You  refer  to  these  nonde- 
generate  energy  levels  of  the  unperturbed  Hamiltonian  as  E<^n  to  distinguish 
them  from  the  corrections  that  the  perturbation  Introduces,  so  the  equation 
becomes 


From  lifli  H on,  L mlei  to  ttiR  energy  levels  of  t h.R  pnrturbpd  system  as 


file  idea  behind  perturbation  theory  is  that  you  can  perform  expansion!; 
based  on  I lie  parameter  ?.  (which  is  much,  much  less  than  I)  tu  find  the  wave 
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So  your  Task  is  to  caLrulaTp.  E:!  . and  E1-)  as  wrII  as  V ,:h  amri  y,  Jv  *3':nv  c^[> 
you  do  thal  in  general?  I'iiELC  lo  sTart  clinging  somt  math.  Yull  start  with  three 
perturbed  equations: 


**  Hftisiiltonibm:  H V,;}s{  Hp1m  AW  |fr^b)s  e,  v^m)  (A^l) 


^ F.rt&rgj1  i*ve]*e  E = E + AEv1 . 4 A E 1 4 , ..  | A « ] ) 


v*  Wave  tnnctionffi  =\&,)  4-  A ip  4 A 


r*)+- 


(a«ij 


Combine  these  three  equations  to  get  this  Jumbo  equation: 


You  can  handle  the  jumbo  equation  in  the  preceding  section  by  setting  the 
coefficients  ol  X on  either  side  of  the  equal  sign  equal  to  each  other. 


Equating  the  zeroth  order  terms  in  X on  either  side  of  this  equation,  here’s 
what  you  get: 


Now  for  the  I irs border  terms  in  X;  equating  them  on  either  side  ol  the  jumbo 
equation  gives  you 


Now  equate  the  coefficients  of  t.1  in  the  jumbo  equation,  giving  you 


Okay,  that's  the  equation  you  derive  from  the  second  order  in  X.  Now  you 
have  to  solve  for  E':  b,.  and  so  on  using  the  zerolh-order,  first-order,  and 
second-order  equations. 
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Chapter  11:  Giving  Systems  a Push:  Perturbation  Theory 


Start  by  norinjg  thal  the  UEipeilurhecI  wave  Function,  l^i>  isn't  ljcniny  to  lie 
very  dillerent  From  the  pnrturbecl  wave  iunctitm,  I v,,>>  because  the  perturba- 
tion iy  e]]ielIJ_  That  means  that  W 1 ■ Co  Fact,  you  can  normalize  1 so 

thal  ^4',J  un*  is  vacantly  equal  i&'l: 


? the  ruination  becomes 


And  because  the  coefficients  oE  X must  both  vanish,  you  yet  the  following: 


This  equation  Is  useful  Cor  stmpbFylny  the  math. 


After  matcbiriR  |he  coefficients  of i.  anrt  simplifying  (see  fhe  preceding  sec- 
tion), yoi)  want  to  Find-  the  first-order  corrections  to  the  energy  levels  and 

the  wave  functions.  Find  the  Jirst-order  correction  to  iIlc  cneryv.  E'  by 


mil Itiplyintf  H , | } + W |*p)  = F.w | - fi01, |ff)  by  <*, I 


You  can  use  HI  jv^.,  AW )|w.)»  lijv.)  f to  simplify  this  to 


Swell,  that's  the  expression  yon  use  for  the  first-order  correction. 


Now  look  itUo  finding  the  Eirst-order  correction  to  the  wave  function.  i v1 
You  can  multiply  the  wave-fmiclioj'i  enualioj'i  by  this  nest  expression,  winch 
is  equal  to  1: 
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Finding  the  second-order  corrections 

Now  find  the  second-order  confections  to  the  energy  levels  and  the  wave 
functions  (the  preceding  section  covers  first-order  correct  Ions}  To  find  F;:-:u. 

multiply  both  sides  of  EMn 

I>y  «+*  I : 


F„ I Ilf  V ", } +(ft,|  w J}  = { <**|  | V 1 \ ) + ' fc, | 


I.  I 


* Vt* 


e 


#■} 


This  looks  Liked  lough  equation  until yuu  realize  thal  -^..l  V'"\>  o>  equal:  to 
zero,  so  you  get 


And  because  to  1 

H 


> is  also  eo  ual  to  zero,  you  get 


E,;-'n  is  just  a number,,  su  you  have 


And  of  course,  becatise  toj.to,*  = 1 , you  have 


Note  that  it  I V-1^ 
zero. 


Is  an  eigenstate  of  W.  the  second-order  correction  equals 


Okay,  so  E1'-'  ^ «&niw  ^ flow  can  you  make  that  simpler?  We]]. 


From  using  F 'o  } e 

1 :*r"i 


to 


LTfl 


W[ft  i>,,} 

(aj — ^5 — , Substituting  that  equation  Into 


E',  _ E 
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i'irrri  Wj  fri ) 


■i 


Kow  you  have  E = (d,  Vf  |d. ) and  F.\  = 

«ivn  L _ ‘ ' 

F nj 

the  total  energy  ivith  the  first-  and  second  'Order  corrections: 

E„  = E"»ff + AE^  + 4s E(f!. , e...  f a « 1 ) 


. Hen: ‘a 


So  from  this  equation,  you  can  say 


E_  = E,j  -t  x(<j>,  [ W |d  „ ) * A2 


n 


Y 


u 

\ " 


w w. ) 


V 


I ■ J ^ 


pPJ  _ q;'"I 


H 


That  gives  you  the  first-  and  second-order  corrections  to  the  energy,  accord- 
ing to  perturbation  theory. 


Note  that  lor  this  equation  to  converge,  the  term  in  the  summation  must 
bp  small.  And  note  in  particular  what  happtrLH  to  the  expansion  Term  it  the 
energy  levels  arc  degenerate: 


Iji  that  cast,  you're  going  to  end  ujj  with,  an  E(:^  Uiat  equals  an  E1'1  ir,  whitli 
means  that  the  cnurgy-COrruCtiOns  equation  blows  up.  and  this  approach 

to  perturbation  theory  is  no  good  — which  is  to  say  dial  you  need  a dif- 
ferent approach  to  perturbation  theory  (com bag  up  later  in  "Working  with 
Perlubations  to  Degenerate  Hamiltonians"}  to  handle  systems  with  degener- 
ate energy  states. 


In  the  next  section,  1 show  you  an  example  to  make  the  Idea  oi  perturbing 
nondegenerate  Hamiltonians  mor ereal. 


Consider  the  case  in  which  you  have  a small  particle  oscillating  in  a harmonic 
potential,  back  and  forth,  as  Figure  L M shows. 
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Figure  11-1; 
A Iwrmanic 
osciflutDr. 


Here"?  the  Hamiltonian  For  that  particle?,  where  the  particle’s  mass  is  m,  Us 
location  Is  x.  and  the  angular  frequency  of  tlif?  motion  Is 


-h1  d 3 . [ 

2m  rfr1  i 


i 

murx- 


Now  assume  that  the  particle  is  charged.  with  charge  q,  and  that  you  apply  a 

weak  electric  hold,  £?  as  Figure  1 1-2  shows. 


Figure  11-2; 

Applying 
an  D-lflclric 

field  to  a 

lUllTllfMlit 

ciscipteior. 


i 


I lit  lurCt  dut  to  tilt;  tlectrit:  JitLd  hi  this  cisC  is  tilt  perturbation,  and  tilt 

Hamilton  ian  becomes 


Jl 


-tr  it 


2m  dx' 


^ r I- 1 ' A' f -+  fjCX 


In  this  section,  you  find  the  energy  and  wave  functions  of  (tie  perturbed 
system  and  compare  them  to  the  exact  solutions. 
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That  makes  figuring  out  the  second-order  energy  a little  easier. 

Also,  the  following  expressions  turn  out  to  hold  for  a harmonic  oscillator: 


Mi 


l x | rr : 


_ , , \l  12  !r 

n"1  ’)  T. — “TtfJ 


{ 2am  | 


{a- 1 y 


lff) 


= 


f) 


| 2 m jvj  ) 


p I'M  _ p<*\  _ 

^ r*  Lj  «-i 


A fir 


With  these  four  equations,  v 


■ s u I .c  n i 

re  ready  to  tackle  c/ t\  :y*-W 


_ pvsl 

r-  r r'  - 


the 


second-order 


ruction  to  rhe  energy.  Omitting  hiRher-power  terms,  the 


summation  In  this  equation  becomes 


+ l|ji  Ifl  ' 


pi/1'  _ F 

mVi 


(u-l 


X 


E*  - E*1 


n-l 


And  suhsTiBuring  in  the  fnr  L,  m -E  , and 


fl1 


- E'^_  1 gives  yon 


»T- 


, ,|> 
<7  £ 1 — 


+ 1 


* *} 


2 


- ft  i V.l 


+ .. 


,e,|MiW£ 


Am 


■ I L 


Now,  substituting  Ln  for  ■+  1 1 ^ I n ^ and  *it—  1 \x\n*  ^ives  you 


■v  (n+1!6 


<r* 


[ -hto 

ftJt 

{Vny  V 2^r<vl 

i r i f 


p4i  n 


L J 


nr 


■■.u  1 


( 17  -h  1 1 


"•7  * * 


a 


L4_._ 


2 in  kt 


i ■ 
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Nole  also  that 


and  k 


m 


ThesR  Four  equations  mean  I liar 


Note  wlial  this  equation  means:  Adding  an  electric  field  to  a quantum  har- 
monic oscillator  spreads  the  wave  function  of  the  harmonic  oscillator. 


Originally,  the  harmonic  oscillator's  wave  function  is  Just  the  standard  har- 
monic oscillator  wave  Eunction,  lijr  > = Ijip-.  Applying  an  electric  field  spreads 

I ■ 

tJmi  wave  function.  acldisig  □ component  oE  fra-  l>.  which  is  proportional  to 
tJi-12  electric  JiekL,  £,  and  the  charge  of  the  Oscillator.,  *,r,  like  tJi is: 


And  the  wave,  function  also  spreads  to  the  other  adjacent  state.  I ra  h I*b 

like  this; 


You  end  up  mixing  states.  That  blending  between  states  means  that  the  per* 
Uirbailon  you  apply  must  be  small  with  respect  to  the  separation  between 
unperturbed  energy  states,  or  you  risk  blurring  the  whole  system  to  the  point 
that  yon  can’t  make  any  predictions  about  what’s  fioinij  to  happen, 


In  any  case,  l hat's  a nice  result  — h lending  the  states  in  proportion  in  the 
strength  of  the  electric  I iclti  you  apply — ejjicI  it'id  typied  u£  tJie  rcsoll  you  get 

with  pertiirbatiui'L  theory. 


Okay,  that's  how  oorideyeiierale  perturbation  theory  works.  As  you  caiiseep 
if*  strongly  dependent  on  having  the  energy  states  separate  so  that  your 
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Now  multiplying  that  equation  by  *1  b I gives  you 

I I 


Using  i he  fact  thai  «j>n  |^>  = 1 and  <*|>  lo  » = (>  If  m Is  not  equal  to  n gives  you 


Physicists  oFien  write  that  equation  as 


where  H 

^iq] 


And  people  also  write  that  equation  as 


where  = Ert « E^.  That's  a system  of  linear  equations,  and  the  solution 

exists  only  when  the  determinant  to  this  array  ks  non  vanishing; 


L 


I 


A 


The  clornrminrint  nF  this  array  is  an  fth  deijren  equation  In  tfri  and  it  baa  / 
clirinrcni  roots.  li':h  . Those  /‘diFFernot  roots  aru  the  lirst-ordor  corrections 


»• 


to  rhp  Hamiltonian.  Usually,  Those,  roots  are:  different  because.  oE  the  applied 
perturbation.  In  other  words,  The  periuihatiocL  typically  t^pts  rid  of  the 
degeneracy. 


So  here's  the  way  you  II  nd  the  eigenvalues  to  the  ISrsl  order  ■=-  you  set  up  an 
f-by-f matrix  of  the  perturbation  HamHEonlan,  Hi(!  where  H ■=  *+,.  I H I o(1  >: 

f • cjr  ; ^ h 


Chapter  11:  Giving  Systems  a Push:  Perturbation  Theory 


■ y f 


"I 


Thun  diagonalize  this  matrix  and  determine  the  f eigenvalues  E1'",,  and  the 
matching  eigenvectors: 


/?"!» 2, 3, 


J 2 ■ 


I 


I Jltn  you  jjet  the  energy  ei^izc'ivitluus  to  first  Order  this  way: 


And  the  eigenvectors  are 


In  the  next  section,  yw  Look  at  an  example-  1 ;o  clarify  this  idea. 


In  this  section,  you  see  whether  degenerate  permeation  theory  can  hand]? 
the  hydrogen  atom,  which  has  energy  slates  degenerate  In  dilferent  an^ilor 


momentum  quantum  numbers,  when  you  remove  that  degeneracy  by  apply- 
Lmj  an  electric  field.  Thu s setup  is  ceiled  The.SJrtjfr  p/fer/. 
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«v 

H.M 

h* 

1I,B 

11,1, 

n,* 

" (l)a 

Dnini*  the  math  ^ives  vnu  this  remarkably  simple  result: 

0 I 0 
0 0 0 
0 D 0 

J 

0 0 0 

DLay<jiializiH£j  rhis  matrix  yives  you  these  eigenvalues  — the  Eirst-order  cor- 
rect ions  Eo  the  uuperEurbud  energies: 


Ei  ! 1 , w -3 o i.  tf( , 

EP**  * 0 

^ E ' 1 ' - 3eeflM 


whore  E,;]  , is  Itrn  Eir^r-orcLor  correction  ro  the  energy  oF  the  I i>  eigooEuuctiou, 
1 IPK,  is  the  Eirst-order  correction  to  the  ccLcrjJy  oE  the  i 2=-  eL^enluiictioii,  amJ 
so  on.  Adding  these  corrections  to  I he  uii  perturbed  energy  lor  the  si  = 2 state 
ijivei  you  til t Jihal  energy  levels: 


where  R is  the  Rydberg  constant.  Note  this  result:  The  Stark  edecl  removes 
th-t  mergy  degeneracy  in  I 2D(S>  and  '2H)>(tJie  I U- and  13^  eigcclfurtOtiOrti), 
but  the  degeneracy  in  1 21  i*  and  £1  — L>  (lilt  2>  itld  I eigehiinlCtionsj 


remains. 
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h This  Chapter 

► Switching  between  Lab  and  cenler-of-inass  frajnes 

Solving  The  fchrorlinger  equation 
Finding  the  wave  Ei.]nctii>n 

Putting  the  Born  approximation  to  work 


mf  our  National  Science  Foundation  grant  finally  came  through,  and  you 
built  your  new  synchrotron  — a particle  accelerator.  Electrons  and 
anti-electrons  accelerate  at  near  the  speed  of  light  along  a giant  circular  track 
enclosed  In  a vacuum  chamber  and  collide,  letting  yon  probe  l he  structure  of 

the  high-energy  particles  you  erra re.  Ymi're  sitting  at  tJie  console  nl  your  giant 
new  expErinumt,  watching  the  lights  hashing  and  Hie  signals  on  the  screens 
approvingly.  Millions  of  watts  of  power  course  through  the  thick  cables,  and 
the  radiation  monitors  are  beeping,  indicating  that  things  are  working.  Cool. 


You're  accelerating  particles  and  smashing  them  against  each  other  to  observe 

how  they  scatter.  But  this  is  slightly  more  complex  than  observing  how  pool 
balls  collide.  Classically,  you  can  predict  ihe  exact  angle  at  which  colliding 
objects  will  bounce  off  each  other  If  the  collision  Is  efttsfre  (that  is.  momentum 
and  kinetic  energy  are  both  conserved)..  Quantum  mechanically*  however,  you 
can  only  assign  probabilities  to  the  angles  at  which  things  scatter. 

Physicists  like  largE  particle  accelerators  to  discover  more  about  thE  struc- 
ture of  matter,  aud  that  study  Is  central  lo  modern  physics.  This  chapter 
serves  as  an  Introduction  to  that  held  ul  sludy.  You  get  to  take  a look  at  par- 
ticle sealiering  on  the  subatomic  level. 


Think  of  a scattering  experiment  In  terms  of  port  tries  irt  and  policies  out 
Look  at  Figure  12-1,  tor  example.  In  the  ligurc,  particles  are  being  scut  In  a 
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stream  from  the  left  and  Interacting  with  a target;  most  of  them  continue  on 
unscattered,  but  some  particles  interact  with  the  target  and  scatter. 


Ffgure  12-1: 
Scattering 
from  a 
tarnaE. 


ncident  partitl&s 


/ I I1 

,,  \ lo^j 

\ X 


Panicles  sc uttered  at 


/ 


l 

/ 


f 


f / 
/ 


) dA  • n Si 


y 


y 


y 


y 


ltos  carte  r&i  NJlitles 


Those  partides  that  do  scatter  do  so  at  a particular  Angle  in  three  dimensions 
that  is,  you  give  the  .scattering  angle  as  a solid  angle,  dtl,  which  equals  sin*?  dti  diy 
where  o and  (i  are  the  spherical  angles  I Introduce  in  Chapter®, 


The  number  oF  particles  scattered  into  a specific  dft  per  unit  time  is  propor- 
tional to  a very  important  quantity  in  scattering  theory : the  cliFEerential  cross 

section. 

The  cwss  scci'fo/j  is  given  by  - '•  -- 

■utl 


, and  it's  a measure  of  the 


number  of  particles  per  second  scattered  into  dQ  per  incoming  Fltuc.  The  fnej- 
ii&n?  fh j_r,  .r  (also  called  dip  h:j j rren J nten .-tjA-') , is  the  numher  ml  indrfnnt  panicles 

per  iji'llI  area  per  unit  time,  bo  is 


dil 


dcrfd.fl) 


I 

] ( 

J 


.0) 


dft 


w Finns  Mfft,  e)  is  ttie  Euunbp.r  ol  pm  ticlES  a D angles  $ and  U. 

d/cj  | f 

The  differential  cross  section  ■ 1 has  the  dimensions  of  area,  so  calling 

xsil 
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It  a cross  section  Is  appropriate.  The  cross  section  Is  sort  of  like  the  size  of 
the  bull's  eye  when  you’re  aiming  to  scatter  Incident  particles  through  a 
specific  solid  angle. 


The  ditttmntial  cross  section  is  the  cross  section  for  scattering  to  a specific 
solid  angle.  The  total  cross  s ertfcwr.  o,  is  the  cross  section  for  scattering  of  any 
kind,  through  any  angle.  So  If  the  differential  cross  section  For  scattering  to  a 

particular  stolid  angle  is  like  the  hull's  eye,  the  total  cross  seel  ion  corresponds 
to  I he  whole  target . 


You  can  relate  the  total  cross  section  to  the  differential  cross  section  by  inte- 
grating the  following: 


Now  you  can  start  gelling  Into  the  details  of  scattering,  beginning  with  a dis- 
cussion of  the  eenter-of-mass  Irani  e versus  the  lab  frame.  F-lxperiments  take 
place  in  the  inbfwn ?e,  but  you  do  scattering  calculations  in  the  center<j/-j7Hr« 
fmme,  so  you  have  to  know  how  fn  Translate  between  |he  two  Erames.  This 
section  explains  how  the  frames  dilfer  and  shows  you  how  to  relate  the  scat- 
tering angles  and  cross  sections  when  you  change  Erames. 


Look  at  Figure  13-2  =-  that's  scattering  in  the  lab  Frame.  One  particle,  travel- 
ing at  is  incident  on  another  particle  that’s  at  rest  (u . rL. . , =•  0)  and  hits  it. 
After  the  collision,  the  first  particle  Is  scattered  at  angle  0>  traveling  at  t-'i lab. 
and  I he  other  particle  Is  scattered  at  angle  0-  and  velocity 
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V V 

I lali  2 Isb 


Figure  12-2: 

S-cattering 
in  Lira  k\b 
Irame. 

- A 


Now  in  the  ccTiteiHDf-mass  Crame,  the  center  of  mass  is  stationary  and  the  par- 
ticles head  toward  each  other.  AFter  they  cvnllide,  they  head  away  Emm  each 
other  at  angles  & and  it  -0- 


You  have  lo  move  back  and  forth  between  these  two  frames  — the  lab  frame 
and  the  center-of-mass  frame  — so  von  need  to  relate  the  velocities  and 

n 

angles  On  a iiourelativlsuc  way)- 


Relating  the  scattering  angles 

between  frames 

Tn  relate  the  angles  H|  and  0,  you  staTt  hy  rm-ting  that  you  ran  cnnnerl  u lifll 
and  £7,c  using  tine  velocity  ol  Ihe  renter  of  mass,  r.v.  LI . , tins  way: 

& Bfc+  = f|0  4 Pi  ni 

In  addition,  here's  what  can  say  about  the  velocity  of  particle  1 alter  5t  col- 
lides with  particle  2: 

r IMi  u rJ  |«:  4 r.-.n 

Now  you  can  Einrl  the  components  of  thesp  velocities; 

<*_*  r 1 J>  a BP  ™ ■ a 

I**  m'1Alb  tose3  = 4f"fc  cosS  - «>„, 
p']lllb  sktO,  = t1' I,.  sitiG 

Dividing  ihe  equation  in  the  second  bullet  by  the  one  In  the  first  gives  you 
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Note  also  that  taci(0^)  = cot(V2)-  °3’  = t-an(?/*-  'A) . 


Vuu  fcnuw  that  flL 


= '/s,  and  tan(ti*)  ■-  tan(?/f  - ?/s)  lulls  you  that  the  following  is 


tlLLU- 


0-i  a p/:  — \h 

So  substltutlny  fla  ■ V*  Into  the  priced  lug  equation  ylves  you 

+ 63  = K/a 


ThtrdorUp  w_.  and  0|,  the  angles  of  the  particles  an  the  Jab  irame  niter  tJie  colli- 
siun,  add  up  to — which  mcaiis  frj  and  9,  are  at  right  angles  with  respect  to 
each  other.  Cool. 


In  this  case,  you  can  use  the  relations  you’ve  already  derived  to  yet  these 
relations  In.  the  special  case  where  m = jtk 

. xdvUt&} 


M <?,o ) 

<fv{  v,0  j 

V 

<M  M i 
■ ■ 

rfClj 

V 

<fa(  <?,o  i 

: ! 

1^ 

r 1 

q 

Lh 


cm 


=4cw 


u 


y . "s 

V 

[ 1 

V — J 

1 dfl 

fill 


riil 


I if 


= 4 cos 


U 


bJ 

1 /£! 

sm 


hi  the  earlier  sectioji  "Traris lat ing  between  the  Ctoler-of-Mass  and  Lab 
Frames."  you  see  how  to  translate  Irom  the  lab  (rame  to  the  cerder-of-jnass 
frame  and  back  again,  and  those  translations  work  classically  as  well  as  In 
quantum  physics  (as  long  as  the  speeds  involved  are  noiuelatlvlstlc).  Now 
you  look  at  the  elastic  scattering  t?E  two  spinlc^S  non  relativistic  particles- 
From  the  dependent  Quantum  physics  point  of  view. 


Assume:  that  the  interaction  between  the  nnrlicEes  depends  only  on  their 

-•  vA*  Xt  Jl  J J U_r  Ca  ■ A>  J J w *-  _■ 

rel.itivn  distance,  I — ?=»  I , Ydll  can  reduce  problems  oE  this  kind  to  two 
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decoupled  problems  (see  Chapter  9 For  details}.  The  first  decoupled  equation 
treats  the  center  of  mass  of  the  two  particles  as  a Iree  particle,  and  the 

, , rthrtt. 

second  equal  ion  is  lor  a liclitiuus  panicles  ol  mass  - — r — * . 

n 'f0  fff. 


T Jie  first  decoupled  Et|  u-atiO]].,  tilt  IrM-pirtide  frCiLLAlrtial  of  i ltd:  center  oi  niass., 
is  of  r lo  ihLere&l  to  vou  in  sc-alterin^  discussions.  The  second  cquatson  is  Mie 


uju!  to  cuiiemlratc.'  on.  where  |i  = m " 


Yoti  can  use  the  preceding  equation  to  solve  lor  the  probability  that  a par- 
ticle is  scattered  into  a solid  angle:  tfLT  — and  you  jjive  this  probability  by  Hie 

dirferenilal  cross  section, 

uSJ 


In  quantum  physics,  wave  packets  represent  particles.  In  terms  of  scattering, 
t wav?  packets  nui^t  h ? widE  i? n. itm, i_ij h 50  th?f  th?  ^pr^dinij  \h$.[  occurs 
during  the  scattering  prncEss  is  neglijjihlE  [ h owv e r , Mir  wave  packet  can‘t  be 
io  spread  that  it  CiiCtiJlipaiSfcS  LtuJ  whole  lab,  including  the  Article  detCCtOrt). 
Here's  the  crixx.  After  the  5CAtteriri^,  the  wivt  function  breaks  up  iaslc  two 
parts  — an  unscatlered  part  and  a scattered  pari.  That's-  how  scattering  works 
in  the  quantum  physics  world. 


The  incident  utatfe  function 

Assume  that  t h e scatler Ing  potential  V(r)  has  a very  finite  range,  a,  Outside 
that  range,  Hie  wave  functions  involved  act  like  free  panicles.  So  the  incident 
particle's  wave  Function,  oulside  the  limit  of  V(?)  — that  is,  outside  the  ranjje 

a From  the  oilier  particle!  — is  £jiven  hy  this  equation,,  because  V(r)  is  zero: 
V:^|r)+^_(r)  = U 


where  Ar, 


Mi 

fc1 


The  form  V ( r | + ( r ) - ^ is  the  eqLHtinn  for  a plane?  wains,  *0  <J\|ir(V)  is 

^ ■ yt  ^ ^ p 

= Af  , wh-sre  A is  a normalization  far  tor  and  Jt:l  • r is  the  dot  product 
bntwFcn  Mir  incident  w are  s wave  vector  and  r.  in  other  words,  vnu're  treat- 

f _F  9 --J  U_  *J  P J i — J a_  J . J 

11115  the  incident  partirle  as  a parlictR  of  momentum.  j^-j  ftk. 


Copyrighted  material 


Chapter  12:  Wham-Blam!  Scattering  Theory 


After  the  scattering  of  the  spinless  particles,  the  nonscaltered  wave  function 
Isn't  of  much  Interest  to  you,  hut  the  scattered  wave  function  Is.  Although  the 
incident  wave  function  has  the  Form  ■ Ae1*’ r,  the  scattered  wave  funo 

tian  lias  a s-llijhtly  different  form.: 

The  J(4«.  0)  part  La  called  I Ilc  &ctilk*ring  tirnpitUNk*,,  aaad  your  job  is.  to  EiclcI  Lt. 
Hero,  A Ls  a normalization  factor  and 

where  E is  the  energy  of  the  scattered  parlide. 


Thf!  srflftf.ring  .-implitLiiie  pE  5 pm Lks-s-  pjirTSclcs  tLims  out  |r>  hf  crucial  to 

mulLTstmidiiig  scattering  from  I 1111  LjLiautiJiEL  physics  point  id  vin7.  Id  sco 

that,  take  cl  look  at  the  flux  densities,  J:ni  (the  Cum  density  ol  the  incident  par- 
tic  If)  And  J*.  (the  flux  density  for  the  scattered  particle): 

ih 


Inserting  your  expressions  tor  0,fM.  and  a,,  into  these  equations  gives  you  the 
following,  1 1 e t e Ay , y)  is  the  scattering  amplitude: 


Now  in  terms  of  the  fluy,  the  number  ol  particles  dNO,  n)  scattered  into  <itl 
and  passing  through  an  area  tfA  = I‘i$i  I5 


dN(>,  6)  = Jj'tfl 
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And  the  homogeneous  solution  Is  a plane  wave  — that  Is,  ti  corresponds  to 
the  Incident  plane  wave: 


To  take  a look  at  Hie  scattering  that  happens,  you  liave  to  find  tlie  particular 
solution^  You  can  do  that  In  terms  of  Cwn's  functions*  so  the  solution  to 


(V-’  + *>)prfr)-|Sf  + v(rWr) 


/r 


IS 


G(r-r)v(rV{ 


i 


I ^ T - 

|u  ) 


This  integral  breaks  down  to 


4n 


r-r  4 


You  can  solve  the  preceding  equation  in  terms  of  incoming  and/or  outgoing 
waves . Because  tlie  scattered  particle  is  an  outgoing  wave,  the  Green's  func- 
tion takes  this  form: 


You  alreadv  know  that 


y{rj  = M K T ■+  ^T-  j G( e - r' ) V| rr  J p ( r r ' 


So  flubjitituriiig 


injjG(r-j‘J}=- 


*>  -I 


4tt 


r-r 


info  thn  pr^cediny;  equaTion  ^ivfis  you 


rl 

•to-' ^ I frnvirV(/i,,y 

ll 


Wow,  tliFit“n-  an,  inlc^ra!  equation  For  y(r) , Mlc  wave  equation  — how  do  you 
lJo  about  solving  this  whopper?  Why,  yoo  use;  ihc  Bom  approximation,  trf 

course. 
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Okiiv,  vuur  dilemma  is  tu  solve  the  Jul  lowing  equation  Cor  y(  r) 


I 


where  6„t&  = 


Yfiu  can.  do  that  with  a series  of  successive  appr-miimatinris,  called  the  Worn 
upp tux rm £j i! /u rr  (this  is  a lain  dlls  result).  Td  start,  the  zerOlh  order  Burn 
approximation  is  just  hmY'i  = 6 :(1  c (/) _ And  substituting  tills  zerolh-ordcr  term, 
q.r,i (/) . into  the  first  e<t LL-ii t Lo j i in  this  section  gives  you  the  first-order  term- 


t e 

2xF J lr 


a 


r 


Wr,Vj(rjW  r, 


which,  Tisintf  ifigfr)  = o,lir (r)  jjives  you 


You  get  the  second-order  term  by  substituting  ihis  equation  into 


*j-r\ 


<Md  - 


r-r 


Anti  robstiUttag  ^(r)  = p*.  —g^TT* 
equation  gives  yon 


V(r1)^r.1(r,)d'  f,  into  the  preceding 
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The  pattern  continues  tortile  higher  terms,  which  you  can  find  by  plugging 
lower-order  terms  Into  higher  ones, 


Now  that  you  Vu  used  Mil*  Bom  approx iniatiOn  (sue  the  preceding  section), 

take  a look  at  the  case  where  r Is  large  — in  scattering  experiments,  r *■>  r, 
where  r is  the  distance  from  the  large L to  the  detector  and  r is  the  sine  of 

rtW| 

t he  detector.  What  happens  to  V { r j ~ 2^  T|r  T r\  r ) ^ ( r r .the 

exact  integral  equation  (or  the  wave  (unction,  when  r-~->  r?  Here's  the  answer: 


Vfr-Wfr'lJV 


Because  r » yi>u  can  say  l hat  frl  r-  *«  fcr-  k ■ r,  where  A:  - r i*  the  dot 

I 

product  oE  k nnrl  r (k  is  the  wave  vector  oE  the  scattered  pflrtirJe).  Anri 


I 


r^r 


LT=5  ini^  the  last  Iwn  equations  in 
gives  you 


3 


And  litre 


The  differential  cims  section  is  given  by 
case  becomes 


tin 


= , which  in  this 
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If  the  potential  Es  weak,  the  Incident  plane  wave  is  only  a little  distorted  and 
the  scattered  wave  is  also  a plane  wave.  That ’a  the  assumption  behind  the 

First  Born  approximation,  which  you  take  a look  at  here,  So  IF  you  make  the 

assumption  Itiat  the  potential  is  weak,  you  can  determine  Emm  Hie  equation 


V>  (/ } = - 2^7  f A V 0, ) iy, (VK r,  that 


Okay,  so  wtiat  te  flT\  i^)?  Well 


A nd  this  equals  the  Foltowlnij,  where  = Jt*  -it: 


And  because 


When  the  scaltfrinji  Ls  elastic.  rhe  majLjriitLide  ol  It  is  equal  to  the  mitguihule 

nf  ftu.  arid  yon  havn 

U - I A’.j  - k t - 2k  £ in 0/0 

where  is  llie  angle  between  Ar*  and  k. 


In  addition.  U yen  say  Dial  V(f)  is  spherically  symmetric,  and  yen  can  choose 

the  3 a^ls  dicing  then  q - r = m-'  costi",  so 


That  equals 


- J-  j r'7V  ( r')  dr']  sin  tf tftF*  J dip' 


ll 
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dal  $.0  ] 

Because  ^ 


, you  blow  that 


You've  come  far  ]n  Mi  is  chapter— Irom  the  Schriidinger  equation  all  the 
way  through  the  Bom  approximation,  and  now  to  the  preceding  equation  for 
weak,  spherically  symmetric  potentials.  How  about  you  pul  this  to  work  with 
some  concrete  numbers? 


In  this  section,  you  linri  the  diEEernnrLal  cross  section  for  two  electrically 
nhnrged  panicles  oE  charge  '£&  and  Z,e.  Here,  t tie  potential  looks  like  rttis: 


So  heres  vi lint  Chn  [iDEferential  cross  section  looks  like  in  Ihn  FLrsr  Horn 
approximation: 


And  because 


1 

^ „ you  know  that 


And  because  q » 2ftsln('V0.  the  following  Is  true: 


where  E is  the  kinetic  energy  of  llle  uieomiilg  partic 


. . E -frkl 

jc  It: D 2^j 


Now  yet  more  specific;  say  that  you’re  smashing  an  alpha  particle*  ZL  m A, 
against  a gold  nucleus,  = 79,  ff  the  scattering  angle  in  the  lab  frame  Is  60 
w hat  Is  It  in  t ho  center-ol’mass  Frame? 
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The  5 th  Wave 


By  liich  Tennant 
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h This  Chap  ter 

Understanding  basic  concepts  and  equations 

► Viewing  iJkritrafinns  aurf  animations 


hen  scientist*  start  mixing  talk  of  dice,  billiard  balls,  ami  a possibly 
Limieatl  cat-in-a-box,  you  know  you're  denling  with  a challenging  sub- 


ject. Luckily,  you  -ran  fond  plenty  of  online  tutorials,  some  ol  ihmii  featuring 
animation,  to  help  you  wrap  your  brain  around  quantum  physics.  Tikis  chap- 
ter presents  a good  starter  list. 


wmr . e ] j smie  try . -ohio  - s«ta  te  „ &du  /betha  /qpn 


l+Vncrf  if  £j  iLL'-ltc c function?  H'^pcri'  in  on  o rbtfti f ?:  An  tntTvdiictiun  io  Q isa nlist r r 
Xfeclhinics  comes  Iron]  Neal  McDonald.  Midori  Kitagawa-DeLeon,  Anna 

TJmasheva,  Heath  Hatihn,  Zil  Lilas,  and  Sherwln  J.  Singer  at  The  Ohio  Slate 
University,  This  site  In  dudes  tutorials  on  probability,  particles  versus  ^aves, 
wave  Junctions,  and  more,  Including  Shockwave-based  sound  ([though  If  you 
don't  have  Shockwave  Installed,  that’s  not  a problem). 


www . q i L estv . com / tutor! a 1 s / quari turn. . h t ml 

This  cool  tutorial  Is  one  of  the  Flash-animated  Moiletn  Physics  Tutorials  by 

rm*  ar 

Giles  Hogben.  Extensively  Illustrated,  this  tutorial  probes  questions  such 
as  wave-particle  duality  and  offers  a good  general  introduction  to  quantum 
physics, 
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www , faqa  . org/docs/qp 


This  situ:  provides-  j'tiod  historic^]  mid  es  penmen  Lai  ba-ckground  ijifo  — and 
they've  documented  their  sources  and  made  some  attempts  al  peer  review. 


www . cpaantiEm-pliy  sics  a poly  technique . f u/ir_d^K.htraL 


This  is  a coot  set  of  programs  that  rmi  in  your  browser,  giving  simulations 
ot  various  quantum  phy-sics  experiments.  It's  by  Manud  Joffre.  Jean-Louis 
Basdevaul,  and  Jean  Dalibard  or  the  ftcole  Poly-technique  in  France.  Look  for 
Information  on  wave  mechanics,  quantization,  quantum  superposition,  and 

spin  %. 


fa  cul  tyvraib . berry . edu/ 1 C irtberla  ke/  qcho  os  /"qc: . html 

This  tutorial  Is  by  Todd  K.  Tlmberlake,  assistant  professor  of  the  Department 
of  Physics,  Astronomy,  & Geology  of  Berry  College  In  Georgia.  It’s  a fairly 
Brief  but  well-written  Introduction  to  the  Ideas  of  quantum  mechanics. 


2klTs  Tutorial 

www . phy  s i c-s2  4 1 . core/phy  s i cs  - tu  tori  a 1 /qua.n  turn-  phy  s i cs- 
billiards, shtml 

This  Is  a texl’based  tutorial  from  Physics  2Afl.  f<  Includes  material  on  quanta, 
the  uncertainty  principle,  and  quantum  tunneling  (as  well  as  some  ads'). 
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www . cmxp . ucl  .ac.uk  / ~ ewz /course a / SM2  5 5 / CM2  5 5 . >.  tml 


Stan  Zochowski.  from  the-  department  ot  Physics  & Astronomy  at  LViiveriLty 
College  London,  pul  together  these  PDF-based  tutorials  on  quantum  phys- 
ics. These  are  tutorial  handouts  for  a Quantum  Mechanics  course  at  the 


University  College,  and  they  serve  as  an  excellent  introduction  to  quantum 
physics, 


vww . c.o  ior  ado.  edu  /physics  / 2 0-00  /quantum:  one /index  .ht  ml 

This  is  a fun.  cartoon-centric  tutorial  on  the  quantum  nature  of  the  atom  From 
the  University  of  Colorado  Physics  2CKX1  project. 


www , phys ics . c sbs j u . edu / QX/ Index . html 


This  Is  a comprehensive  quantum  physics  tutorial  from  the  College  of  St, 
Benedict.  It's  a good,  more  serious,  text  and  equal lons-based  tutorial  with 

plenty  oE  Illustrations, 


electrons  . phys  . u,fck.,  edu/qsil /Modules . htm 

This  one’s  from  the  University  of  Tennessee,  and  it’s  an  ex  tensive  online 
course  In  quantum  physics.  It  includes  modules  on  square  potentials,  har- 
monlc oscillators, angular  momentum. spin, and  soon. 
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h This  Chapter 

fr»Ex|jlaij  liny;  utiex  peeled  result 

Identifying  charac  terLstics  nf  the.  quantum  world 
^ IHev^ping  nsw  models 

* *-#Ht#-ttVi##*tt****-P4*t  + *^*-#!»fr*4*-*  + tt  + ***-*4*-*-* 


t 


runntum  physics  has  been  wry  successful  In  explaining  many  physical 

ph^nnmerin,  si,irh  as  wave-particle  duality,  In  fact,  quantum  physics 
was  treated  to  explain  physical  m^Eiirements  that  clnssical  physics  couldn't 
explain.  This  chapter  is  about  ten  triumphs  oE  quantum  physics,  and  it  points 
you  lo  resources  on  the  Web  that  examine  those  triumphs  lor  lurthesr 
□iforEEiati-cjn. 


Is  I hat  particle  a wave?  Or  is  that  wave  a particle?  That's  one  of  the  questions 
that  quantum  physics  was  created  to  solve,  because  partccles  exhibited  wave- 
Like  properties  in  tEie  lab,  whereas  waves  extdbited  particle-like  ]]ro]ierties. 

These  Web  sites  offer  more  insight: 


|t>  ww , giiestv  tutorials /quantum.,  hfeml 

ww  ,physic®247  . com/ physic 5-  butOTi^l/quanitti^-physics- 
hi 11 i a rdc . shfc iril 


Another  fom'iiting  pillar  of  quacULim  physics 


c-x  p lain  ing  the  phoio&tecsric 


effect  in  which  experimenters.  shone  light  oei  a metal.  Mo  mailer  how  strong 
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the  light,  Ihe  energy  of  ejected  electrons  from  the  metal  didn’t  rise,  [t  turns 
out  that  the  energy  of  electrons  goes  up  ivlth  the  frequency  of  the  light,  not 
Its  intensity  — which  gives  support  to  the  light  as  a stream  of  discrete  pho- 
tons theory. 


For  more  info  on  the  photoelectric  effect,  check  out  ■wwtf . gi Its* UV . com/ 

z.u  tor  i al  s /quati  tucr: . ht  m L . 


The  Stern-Gerlach  experiment  results  couldn't  be  explained  without  pos- 
tulating spin,  another  triumph  of  quanium  physics.  This  experiment  sens 
electrons  through  a magnetic  Eield^and  the  classical  prediction  Ls  that  the 
electron  stream  would  creels  one  spot  of  electrons  on  a screen  — hut  there 
were  tv/n  (cor  res  ponding  In-  the  two  spins,  up  and  down). 


This  Web  site  has  more  into:  electrons 


.•  -j  ck . edu  /qjnl  /modules  / 


m3  /spin  . htr:. 


In  classical  physic^,  hound  panicles  mn  have  any  f!nfirL*y  or  speed,  hut  that’s 
not  true  in  quantum  physics.  And  in  classical  physics,  you  ran  determine 

both  the  position  and  momentum  of  particles  exactly,  which  isn't  true  in 
quantum  physics  (thanks  to  the  I teisenberg  uncertainty  principle).  And  in 
quantum  physics. you  can  superimpose  . states  on  each  other. and  have  pap 
tides  tunnel  into  areas  that  would  be  classically  impossible. 


You  can  find  a nice  discussion  of  the  differences  between  classical  arid 

quantum  physics  at  fa cu l cyv/e!- - ber; vy . / L i;  J mbeir  1 a fce /qch d o s / 

15111 . hLtri  k 


One  of  the  triumphs  of  quantum  physics  Is  the  Heisenberg  uncertainty  princi- 
ple: Heisenberg  theorized  that  you  can't  simultaneously  measure  a particle's 
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LikLZ  harmonic  OsCiJJatOrei,  quantizing  particles  bound  id  square  wells  at  the 
micro  Level  w as  another  triumph  lor  quit! turn  phyiics.  Classically.,  particles 
Li'i  square  wells,  can  have  any  energy  7 but  quantum  physics  says  you  can  -on ly 
have  certain  allowed  energies. 


There's  plenty  on  the  Web  about  It,  including  these  two  jfood  treatments: 


v*  VnW1  • phy ::  i £iz  . £ =;  b®  j *j . / 0 M J nd  ->: . h l.m/! 

E^"  £;  1 e-C  L c cf  n 5 . phy  a . U L k _ tdu  / q”!  / mod  Li  ^1  ea  / r,ode  he  7i 


Sclirfidiiiger's  Cal  is  a thought  experiment  that  details  some  problems  that 
arise  in  the  macro  world  from  thinking  of  the  spin  oE  electrons  as  completely 
non-determined  until  you  measure  them.  For  example,  If  you  know  the  £pin  of 
one  of  a pair  of  newly-created  electrons,  yr>u  know  the  other  has  to  have  the 
opposite  spin.  So  iF  you  separate  two  electrons  hy  Eight  years  and  then  mea- 
sure thn  spsn  of  one.  electron,  does  the  cither  electron'!*  spin  suddenly  snap 
to  the  opposite  value  — even  at  a distance  that  would  take  a signal  from  thn 

first  electron  years  to  cover?  Tricky  stuff! 


For  more,  lake  a look  al  ww-gilestv . com/tutorials^cru^ntuiD-lic.iiil. 
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hire's  a glossary  of  common  quantum  physics  terms: 


amplitude:  The  maximum  amount  ul  displacement  uf  an  oscillating  particle. 


angular  momentum:  The  product  of  the  distance  a particle  is  from  a certain 


point  and  its  momentum  measured  with  respect  to  the  point. 


amtHiUaUmt  operator;  An  operator  that  lowers  (tie  energy  level  of  an  eigen- 
state  by  one  level, 


nntl-lIermitEan:  The  value  you  get  when  you  take  the  Hermltlan  adjoint  oF  an 
expression  and  pet  the  same  thing  hack  with  a negative  sign  In  front  oF  It. 

black  body:  A body  that  absorbs  all  radiation  and  radiates  it  all  away. 


Bohr  radius:  The  average  radius  of  an  electron's  orbit  in  a hvdrogcn  atom. 
About  10"L^  meters. 


Hr:,  mu]  states  A state  Jn  which  a particle  Isn’t  free  to  travel  to  Infinity. 


hnsfriuz  Particles  with  integer  spins,  Including  photons,  pi  melons,  and  so  on, 


frrmket  nolntloitt  A h h-t'^viatin lJ  the  matrix  Form  of  a state  vector  as  a ket- 
or  I and  ahhrevtfttmy  the kefs  complex  conjugate.  or hm,  as 


ccnfccr-of-imiss  frame;  In  scattering  theory,  Hit  frame  in  wIllcIi  Mliz  center  ol 

is  s-laliouary  and.  the  particles  head  toward  each  other  and  collide.  See 
also  lab  frame. 


central  potcnlteil;  A spherically  symmetrical  potential, 

cominjrlez  Two  operator  commute  with  each  other  If  their  commutator  is 
equal  to  zero.  The  comtmtfotQr  ol  operators  A and  H is  [A,  H]  - AH  - BA, 

complex  conjugates  The  mm  her  yon  get  hy  negating  the  imaginary  p.irl  ol  a 
romplnx  number.  The  * symbol  indicates  a complex  conjugate. 


Quantum  Physics  Per  Dummies 


Compton  effect:  An  Increase  of  wavelength,  depending  on  the  scattering 
angle,  that  occurs  after  Incident  light  hits  an  electron  at  rest. 

conservation  of  energy:  The  law  of  physics  that  says  the  energy  of  a dosed 
system  doesn’t  change  unless  external  influences  act  on  the  system, 

creation  operator:  An  operator  that  raises  the  energy  level  ol  ail  eigenstate 
by  one  level. 

current  density:  5e?£  incident  llu>;. 


electron  volts  (eV):  The  amount  of  energy  one  electron  gains  falling  Hi  rough 
I volt. 


dlngunaltze:  Writing  a matrix  so  that  (he  only  nonsiero  elements  appear  along 
tin?  matrix's  diagonal. 


differential  cross  section.:  In  scattering  theory,  the  cross  section  For  scatter- 
ing a particle  to  a specific  solid  angle;  il's  like  a bull's-eye. 


Dinted  constant:  Planck's  constant  (A  = 6.626  x to-51  Joule-seconds)  divided 
by  2tv  It's  represented  by  an  A with  a bar  going  through  it. 


Dirac  ttolnliuii;  See  bra-ket  notation. 


eigenvalue:  A complex  constant  that  represents  the  change  In  magnitude  of 
a vector.. 


eigenvector:  A vector  that  changes  in  rnagniTurli?  hut  net  direction  after  yon 
apply  an  operator. 

elastic  collision;  A collision  in  which  kinetic  energy  is  conserved. 


dcdHc  field;  The  force  on  a positive  test  charge  per  Coulomb  due  to  other 
electrical  charges. 


electron:  A negatively  charged  particle  with  half-integer  spinr 


einissiidly:  A property  nF  a substance  .showing  hnw  well  Lt  radiates, 
energy::  The  ability  oi  a system  To  do  work. 


energy  degeneracy;  The  number  of  slates  that  have  the  same  energy 


energy  well:  See  potential  well, 

expMl&llovfc  value:  The  most  probable  value  an  operator  will  return. 
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fennloiut:  Particles  with  half-integer  spin,  including  electrons,  protons,  neu- 
trons, quarks,  and  so  on. 

frequency:  The  number  of  cycles  of  a periodic  occurrence  per  second. 
HaniilinnfariL  An  operator  tor  the  total  energy  of  a particle,  both  kinetic  and 

potential. 


Heisenberg  (uncertainty  principle:  u[i.eeriai['Lly  principle. 


Jicrmilian  adjoint:  A value,  represented  as  A , that  replaces  com  p ies  num- 
bers with  iheir  complex  conjugates,  swaps  bras  and  kels,  ami  replaces  opera- 
tors with  their  Hermltlan  operators. 


HemiL'tian  operator:  Operators  Shat  are  equal  to  their  Her m Itian  adjolnts:  In 
Other  words,  an  operator  is  Hermltian  IF  At  = A. 


incident  flux:  The  number  of  Incident  particle  per  unit  a rna  per  unit  time 


inelastic  collision:  A collision  in  which  kinetic  energy  isn't  conserved. 


intensity  (wave):  The  time-averaged  rate  or  energy  transmitted  by  a wave  per 
unit  of  area. 


.Ionic:  The  MK5?  unit  of  energy  — one  Kewfon-meter, 
tel:  .Seff  hra-kel;  nolation, 


kindle  cn&rfyi  The  energy  oE  an  object  due  to  ir.s  mol  inn. 

Inh  frame : in  scattering  theory,  the  frame  in  which  one  particle  is  incident  on 
a particle  at  rest  and  hits  iL  Se?c  ca/s o center-of-rnass  frame, 

Laplddrak;  An  operator,  represented  by  A,  that  you  use  to  find  the  Hamiltonian, 

magnetic  field:  The  force  on  a moving  positive  test  charge,  per  Coulomb, 
From  magnets  or  moving  charges. 

magnitude:  The  size  nr  length  ajmnnialed  with  a vector  (vectors  are  made  up 
of  a direct  ion  and  a magnitude-). 

mnsK  The  property  that  makes  matter  resist  being  accelera  ted. 


utnenUiMji;  The  product  ol  mass  times  velocity,  a vector 


MKS  sj'slcm:  The  measurement  system  that  uses  meters,  kilograms,  and 
seconds. 
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Newton?  The  MKS  unit  of  force  — one  kllogram-meler  per  second-, 
normalized  flmdlon:  A Umctlon  In  which  the  probability  adds  up  to  1. 

orhiials:  Different  angular  momentum  s-tale*  of  an  electron,  represented  as 
subshells:  In  atomic  structure. 


orthogonal:  Two  kets.  I i|r>  acid  $=-,  for  which  = 0. 


orthonormnl:  Two  kets,  and  l that  meet  tilt  following  conditions: 
i = ft  * I V-  = 1 ; and  I fr*  - l . 


oscillate:  To  move  or  swlnjg  side  to  side  regularly* 

pair  annihilation::  The  conversion  of  ftn  electron  and  positron  Into  pure  light, 
pair  production,1  The  conversion  of  a lugh-powered  photon  into  an  electron 

And  positron. 

particle:  A discrete  piece  ul  matter. 

Pauli  exclusion  principle:  T'lie  idea  that  no  l wo  electrons  can  occupy  the 
same  state  in  a single  atom, 

period:  The  lime  It  takes  lor  one  complete  cycle  of  a repealing  event. 

perturbation:  ,A  stimulus  mild  enough  that  you  can  calculate  the  resulting 
energy  levels  and  wave  Functions  ns  correclions  In  the  fundamental  energy 
Levels  ami  wave*  functions  nF  the  unperl  Lirheri  sysiem. 


photncSectric  effe-cl:  A result  in  which  the  kinetic  energy  of  electrons  emit  led 
from  a piece  of  metal  depends  only  on  the  frequency  — not  the  intensity  — 
of  Lhe  incident  light. 


photon;  A quantum  of  electro  magnetic  radiation.  An  elemenlary  particle  that 
Is  Its  own  antlparticle. 

pi  meson:  A subatomic  particle  that  helps  hold  the  nucleus  of  an  Atom  together. 

Planck's  constant:  A universal  constant,  ft,  that  describes  the  relationship 
bnlwetm  the  energy  and  frequency  of  a photon.  Jt  equals  6.62(3  x lCJ^1  JoliIe- 
sccuiads. 


pcwitroie:  A positively  charged  anti-electron. 

potential  barrier  A potential  step  of  limited  extent;  an  electron  may  be  able 
to  tunnel  through  the  barrier  and  come  out  the  other  side. 
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potential  ■essergy:  An  object's  energy  because  of  3ts  position  when  a force  is 
acting  on  It  or  Its  internal  configuration. 


jifieentEa]  step;  A kpi.pI on  in  which  the  energy  potential  Forms  a stair  shape; 
a particle  striking  the  step  may  he  reflected  or  transmitted. 


potential  wcili  A region  in  wliic K there's  a dip  in  the  energy  potential  thresh- 
old; panicles  without  monish  energy  to  overcome  tlie  barrier  nan  become 
trapped  in  the  well,  unable  to  convert  I III  poicnlial  energy  Lu  kinetic. 


power;  The  rate  of  change  in  a system's  energy. 


probability  ampUiudfL  The  square  root  of  the  probability  thal  a particle  will 
occupy  a certain  state. 


probability  density t The  likelihood  that  a particle  will  occupy  a particular 

position  or  have  a particular  momentum. 


quantized;  Cuming  id  discrete  values. 


quark;  Particles  that  combine  with  antiquaries  to  form  protons,  neutrons,  and 
so  on. 


hndiiui:  The  MKS  unit  of  angle  — 2s  rad  jams  are  In  a circle, 

radiation!  A physical  mechanism  that  transports  heat  and  energy  as  electro- 
maRnetic.  waves. 


scalar:  A simple  number  (without  a direction,  which  a vector  has). 


^lirottinger  equation:  A wave  Junction  that  describes  hew  energies  and 
probable  locations  of  electrons  change  over  time. 


simple  harmonic  Motion;  Repetitive  motion  where  the  restoring  force  is  pro- 
portional to  the  displacement. 

spherical  coordinates:  Coordinates  th.fit  indicate  location  using  two  angles- 
and  Ihe  Length  oFa  radius  vector* 


spin:  The  intrinsic  angular  momentum  nl  an  eterlmn,  classified  as  up  or  down. 


synchrotron:  A type  ui  circular  particle  accelerator. 

state  vector  A vector  that  gives  the  probability  amplitude  that  particles  will 
be  in  their  various  possible  states. 
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threshold  frequency:  If  you  shine  light  below  ihls  frequency  on  metal,  no 
electrons  are  emitted. 

Eft! a!  cross -section:  Ln  scattering  theory,  the  cross  section  for  any  kind  of  par* 
tide  scattering,  through  nny  angle. 

tuamcJlMg:  TIlc  phajujiicnua]  where  particles  can  yet  through  regions  that 
they're  ctass-ically  Jur  bidden  to  jjo. 


ullraidolct  catastrophe:  The  failure  ol  the  Raleigh -Jeans  Law  to  explain  black- 
body  radiation  at  high  frequencies- 

uncertainty  principle::  A,  principle  that  says  It's  Impossible  to  know  an 
object’s  exact  momentum  and.  position., 

vector  A mathematical  construct  that,  has  both  a meyn  I tude  and  a direction, 

velocity:  The  rate  of  change  oF  an  object's  position,  expressed  as  a vedn-r 
whose  magnitude  is  speed. 


vuli:  The  MKS  unit  of  electrostatic  potential  — one  Joule  per  Coulomb, 
wave:  A traveling  energy  disturbance. 

wavelength:  The  distance  belweeo  cre-sts  or  troughs  oE  a wave. 


wave-particle  duality:  The  observation  that  light  has  properties  oF  both 

waves  and  particles,  depending  on  the  experiment. 


wave  packel:  A collection  of  lvavfi  Elihc lions  such  that  the  wave*  Functions 

interfere  cons-lruclively  al  one  location  and  interfere  destructively  (go  to 
zero)  at  all  other  locations. 


work;  Force  multiplied  by  the  distance  over  which  that  force  acts. 
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3D  harmonic  oscillators.  L 34- 1 37,  203 
3D  SchrocLInger  equation,  170-172 

• A • 

adjoin  ts,  36-37 

algorithm,  Mnmerov.  lift 
allowable  bound  a talcs,  energy  of,  54 
alpha  panicle.  246.  292 
amplitude,  9*303 

angular  Iruqucjicv  of  motion.  263 
angular  momentum 
in  classical  mechanics.  123. 

•J 

commutators,  130-131 
defined,  303 

deriving  eigenstate  equations,  134-137 
eigenfunctions,  159-Hjfi 
eigenstates,  132-134 
eigenvalues,  134-139 

equations,  1 48 

lowering  opera  tor,  132-134 
matrices,  140—147 
momentum  operators.  13£t 

orbital,  161-162 

i>' 

overview.  1 25 

position  operators.  1311 

quantum  number,,  169,  1TI 

rals  Ifijf  o perotor,  1 32-  ] 34 

rotating  dftfc,  I25M30 

rotational  Energy  ml  diatomic  molecule, 

137-139 

spherical  coordinates,  147-156 
spiel  operators.  161-162 
aiiiLlliLlahoo  operator,  94-95, 303 
anU-Hersintjari  operators,  3B-39. 4L  303 
anti-particle,,  M 

an  tlsy  in  metric  wave  functions.  237-239, 
244,  246-247,  250 

Atoms.  See  rt/Sif}  hyrlro^en  Atom 

as  composite  particles.  246 

discr^lE  jipectrA,  301 


with  multiple  elections  233-239 
Pauli  exclusion  principle.  259-251 

periodic  rabieP  251-252 

in  quantum  mechanics,  12K 
in  rotAtlnii  diatomic  molecule,  137 

• & • 

barriers.  Sctr  potential  barriers 

basis-less  vectors,  21 
Bessel  lone  lion,  196-19?,  200-201 
b lack-body  radiation.  19-13.303 
Bohr,  Niels,  217 

Bohr  radius,  62-64.  217.,  229*272,  303 

Born  approximation,  258-292 . See  atio 
scattering 

bosons.  Mil,  245-240,393 

bound  states3  59-fill,  fifc 3fl3.  Spp  m 'so  free 

particles. 

box  potentials,  177,  lfill-lJW.  Apr o/wt 

rectangular  coordinates 
bra-ket  notation,  26-29, 393 
bras.  29-31 

bull's  eye  Analogy,  277 

* C • 

Cat,  Schr&dlnger’s,  302 

center-ol-mass  frame 
cross  sections,  2J11-2&2 

Inh  tramp  and.  277-233 

if i? lined,  303 

overview,  277-273 
scattering  atiglo,  278-280,  292 
central  potential 

angular  pari  ot  yO,  9,  <p),  193-194 
denned,  3(13 

radial  part  of  p,  ip),  194-195 
Schrodlnger  equation,  192-193 
charged  oscillator 

energy  of,  26i>— 267 

wave  FLinrlio-us,  267—268 

classical  physics,  £. 


Copyrighted  material 


Quantum  Physics  For  Dummies 


cloud  chambers,  lfi 

coefficients  of  K 258-259 

College  of  SL  Benedict's  tutorial,  231 

column  vector,  M 

commutator 

oF  angular  momentum  vector,  l^n-l^l 
defined,  303 

finding.  37-38 
oE  operators,  37-39 
unitary  transformations  - 51 
complex  conjugate 
as  bra,  29 

defined, 303 

In  KermiiLan  adjolnis, 
unitary  operators,  5Q 
complex  number, 

composite  particles,  24il 

Compton,  Arthur,  M 
Compton  effect,  I6-17.3U4 
Compton  wavelength,  11 
conjugate,  Elennitian,  3-6-37 
conservation  of  energy,  3fid 
continuous  representations^  5I-54 
cosmic  rays,  1A 
creallon  operator  91-95,  3fl1 
cubic  potential 

degeneracies  in  energies,  lf£M&4 
energy  of  3J>  isotropic  barm  on  in 
oscillator  and,  1ST 
energy’  -of  ground  .state,  lfi3 

wave  function,  184 
current  density,  276,  304 

• B • 

Estate,  226, 281 

De  Broglie,  Louis,  18-20 

degeneracy 

of  3f)  isotropic  harmonic  oscillator,  IftT 
tie-fined,  1104 

exchange.,  244—245 

ground  state,  183— 184 
of  hydrogen  atom.  222-228 

Stark  cflccl,  273 

degenerate  Hamiltonians,  269-271 
diatomic  molecule,  rotational  energy  of, 
137-139 
dice,  24-26 


differential  cross  section 


Born  approximation,  291 
center-or-mass  Irame,  281-282 
deftned,  276,  30-1 

lab  Erame,  281-282 

particle  scattering  and,  276-277 

— • 

^piulcss  particles,  2S5-28G 
did crei i tial  operators,  I5S-I59 

Dirac  Paul.  17. 26-57 

Dirac  notation 


abbreviating  state  vectors  £ls  kels,  27-23 
dermed,  303 

overview,  26-27 


writing  complex  conjugate  as  bra.  23 
Dirac’s  consSaru,  3i>1 
discrete  spectra  oE  atoms,  3(11 
dnal-slit  apparatus,  19 


cLgeoiui^ctioiis 

(orMgLilar  rn omentum,  159-160 
oE  angular  momentum  operators  L and 
LA  147-149 

anlisyjjimelric,  237-239 
of  L"  In  spherical  coordinates,  151-156 
oF  L In  spherical  coordinates,  1 50-1  a I 
symmetric,  237-239 

in  total  energy  ol  tree  particle,  175 


eigenstates 

angular  m-umeritijm,  132-134 

ft, , 34-36 


him 


IU-  1^2-134 


energy-  of  a I tr>.  3Z 
energy  of  o!  I rr:~.  97-98 
fi  rsl  exc  ited  state.  103-194 


hermlte  polynomials,  195-106 
lowering  operator,  132-134 

position  space,  99-HJ1 
raising  operator.  132-134 
SRfond  Ktcitnd  stale.  1114—395 
using  ks  nnd  a*,  97—98 
wave  function  of  ground  stale,  192— 193 
eigenvalues 

dermed,  304 

eigenvectors  and.  43-45 
exact  energy,  264 
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finding,  47-49 

lowering  operator,  139-140 
rals  tag  o perator,  1 39- 1 40 
eigenvectors 
defined,  301 

degenerate  Hamiltonians,  21 L 
eigm  values  arid,  43-45 
finding.  47-50 
of  ofnuraturi.  46-47 
Einstein.  Albert, 
elastic  collision.  304 

ir 

electric  field 
defined.  301 

harmonic  oscillators  lnL  262-26ft 
hydrogen  In,  271-273 
weak,  263 

electron,  Srs  niyo  spin 

anti-particle,  18 

Bullr  radius.  229 

collisions,  242-243 
Comp  Lon  waveleft^lh.,  17-18 
defined, 301 
e milted,  14-15 
kinetic  energy.  206 

location  In  hydrogen,  228-2311 
orbitals.  22^22S,  251-252 

periodic  table,  251 

photoelectric  Rhecl,  14-16 
shell  structure*,  2a  t— 252 

suhsheHls.  251-252 

UJ 

wave-like  properties,  19-20 
electron  beam,  19 
electron  volls.  301 

u 

electrostatic  potential  energy,  207 
emlsslvlty,  304 
emitted  electrons,  14-15 

energy.  %.  li.2GS-2l.i7.  304 
energy  degeneracy 

of  3D  isotropic  harmonic  oscillator,  I ft? 

defined,  304 

ground  state,  I83-1&4 

of  hydrogen  atom.  222-22S 

Stark  eflecl,  273 

energy  levels . See  also  Hamiltonian  operator 
degeneracy  or,  223 
determining,  62-64 
floating  cars  analogy,  24 1 
harmonic  oscillators  In  electric  fields,  264 


particle  In  box  .potential  1 80-1  SI 
perturbations,  25a 
spherical  coordinates,  150. 
energy  slate  equations,  SM-96 
energy  wells 

if 

binding  particles  In  potential  wells , fit) 
bos  potentials,  lStM&l 
energy  levels,  62-64 
escaping  from  potential  wells,  66-61 

free  particles,  85-67 
Gaussian  wave  packet,  88S9 
infinite  square  potent  La!  wells,  61-68 
nonzero  solution,  76-78 
nonnaltaing  wave  function,  6-1-65 
particle  without  enough  energy,  74-78 
particle  with  plenty  ol  energy,  6 #-8U 

physical  particle  with  wave  packet,  87-89 

potent  Lnl  barriers,  78—85 

reflection  coefficient,  71-72, 1 £ 
Schrodinger  equation.  57 
square  well,  57-59 

symmetric  square  wells,  shilling  lo,  67-68 
time  dependence  in  wave  (unctions,  65-67 
transmission  coefficient,  71-74,  Ifi 
irapplna  particles  in  potential  wells, 

5JHS8 

wave-Fun chon  equation,  61-62 
exchange  operator.  211-5 — £&7P  244-245 
exportation  value 
of  anti-HerniiBiari  operator,  59 

defined,  304 

of  Hermitian  operator,  1Z 
of  operators,  34-36 
of  radius  r,  228-230 

• p • 

/ stale,  226.  27 1 

fermions,  iGl  162-165.  245-246,305 
first  nsfcherl  stM,  103-104.,  21/ 
first-order  norrectiorLs,  257, 259-260,  265 

floating  cars  analogy,  239-241 

force 

due  to  electric  field,  263 

ui 

equation,  harmonic  oscillation,  92. 

MRS  unit.  306 
potential  energy  and,  307 
restoring,  134-185*2111 


311 
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free  particles.  Sec  aHo  bound  states 
Sebrotllnger  equation,  85-89,  172-173 
spherical  coordinates,  195-1% 

In  three  dimensions,  172-177 
time  dependence,  175-177 

total  energy  equation,  174-17$. 

l» 

wave  packet,  S7-59 
x,  y.  Enid  ;z  equatiDiiii,  173-1 74 
JrcqutilCy,  3CP5 

• G * 

q stale,  251 

rays,  12. 

Gaussian  wave  packet,  88-89, 176-177 
Gerlach,  v/alther,  mz 

Goods  m It,  Samuel,  lii£L 

gradient  operator,  22 

Cm  ins.  ofiifystiqiK1.:  Qnnnlnrn  Physics  for  fhp. 

Layman,  2% 

F ' ■ 

gravitons,  1 61 

Green’s  functions,  287 

ground  stale  energy,  115,  183-184,  24 1 

• H • 

h stale,  2Jil 
Kamkltoiijan  operator 

3n  Schrodinfcler  equation,  I7CM72 

defined,  3Ii  305 
eigenvalues,  :\  \ 

h.n  mnnir  nscillatnrji,  9 ^-9 4 , 2 fift 

multi-particle  sysfnm,  233 
perturbations,  2^6.  253,  272-273 
zerolh-cmder  approximation,  269 
harjiionic  oscillators 
3D.  134-  ] 87 
tf  andflT,  using,  97-98 
annihilation  operator,  94-95 
classical,  92 

creation  operator,  94-95 
tie  fined  , 9 1 
eig-pnRtaSf^,  9^-3  Oft 
la  electric  fields,  2 (>2-269 
energy  trf  a I n*,  97 
energy  oJ  q-1  97-9S 

energy  state  equations,  94-98 


exact  ground  slate  energy,  LLH 
first  excited  state,  K33-ICH 
Hamiltonians,  91-94 
hermlte  polynomials,  1U5.  1S6 
isotropic,  1S7.  201-203 

Java  code,  is  4-124 

as  matrices,  HJfi-113 
posil  mu  spa-nc,  99-162 

prutOEi,  lUG-HJ? 

quantized  energy  of,  301 
quantum,  93-94 
second  excited  slate.  104- 1 05 
wave  function  of  ground  state.  102-163 
Web  sites.  301-362 
harmonics,  normalised  spherical,  155 
Heisenberg  uncertainly  principle,  20—2 1 . 

3SM3.  3UO-301,,  3115,  3117 

hermits  polynomials,  MJi-lfHj,  l&fi 

HcmiHiail  ad  joints,  36-37, 3li5 
llemiitlan  conjugate,  36-37 
I lertnitum  operators 
anlfi-l  fennitUrti  operators,  38-38 
commutator,  XL 
defined , 305 
eigenvalues,  ill 

li  n cling,  3S-31I 

replacing  operators  with,  ft! 
unitary  trams  formation.1; . 51 
Hilhert  space 
creating  vectors  in.  24-26 
position  vectors,  il 
slate  vectors, 

llogben,  Giles  (tutorial  creator),  285 
llootae’s  law,  91 
hydrogen  atom 
allowed  energies  oh  216-217 

center  of  mass,  208-201) 
in  electric  fields.  271-273 
fileelron  in,  20.>-2(Mi 

energy  degeneracy,  222-223 

yrh  itnls.  226-228  ’ 

prutOEi  Ln,  265-206 

quantum  states,  224-226 

radial  Schr&dliiger  equation,  2 U-22& 

Scltrddinger  equal  ion*  205-210 

spin,  224-226 

hydrogen  wave  functions.  28.  220-222 
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Identical  non  Interacting  particles,  247-350 
Identity  matrix,  5 2. 

Identity  operator,  32 
IneWeni  current  density,  71-72 
Incident  Dux.  27^  305 

mcklml  EG- 1 7 

incident  wave  luiiction,  2S2-2S5 

mccwniHg  particle,  kinetic  energy  ol,  292 

inelastic  collision.,  31J5 

inertia,  rotational  niocticrtt  of,  838 

•j 

infinite  square  wells 
adding  time  dependence  to  wave 
functions,  65-67 

determining  eneir^'  levels,  62-64 
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The  Hamiltonian 

One  of  the  central  problems  el  quantum  me  conies  fs  to  celt  elate  the  energy  levels  of  a system,  Tite 
energy  operator,  called  the  KwiUmtefl,  Hf  gives  yceflie  total  e narrjy.  Fneiing  the  energy  levels  of  a 
system  breaks  down  to  finding  the  eigenvalues  at  the  problem 
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The  Heisenberg  Uncertainty  Principle 

The  Heissfiberg  unc-artBEnty  principle  says  tbaTlhe  butler  yen  knew  tit?  position  <jf  a ^artiek?,  Iha  lass  you 
fcnnwltie  momentum,  snif  vice  versa.  In  the  x direction,  F*m  example,  that  InoVs  like  this: 
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wliera  Ax  is  the  measurement  uncertainty  rathe  particle's  x position,  Apk  is  its  measurement  uncertainty  m its 

in  tha  x direction,  andh  = h}7n. 

This  relstie-n  holds  fur  all  three  dimensions: 
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The  Schro  dinger  Equation 

The  Schrodinger  equation  describes  the  energies  ana  probable  locations  a“  electrons.  The  quantum  phys- 
ics in  this  book  is  largely  about  solving  this  diflerenUal  equation  lor  a variety  oF  potentials,  V!/|; 
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